151 © WAVE MOTION

1. Define the term wave motion. Explain it with the

help of a suitable example. Give important characteristics
of wave motion.

Wave motion. Wave motion is a kind of disturbance
which travels through a medium due to repeated vibrations
of the particles of the medium about their mean positions, the
disturbance being handed over from one particle to the next.
In a wave, both information and energy propagate (in
the form of signals) from one point to another but there
1SN0 motion of matter as a whole through a medium.
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151 Formation of waves over a water surface.

If w, . .
circularepdmp a pebble into a pond of still water, a

out from Attern of alternate crests and troughs spreads’

Surface Ty POINt Where the pebble strikes the water
* The kinetic energy of the pebble makes the

particles oscillate which come in contact with it. These
particles, in turn, transfer energy to the particles of
next layer which also begin to oscillate. Energy is
further transferred to the particles of next layer which
also begin to oscillate and so on. In this way energy is
transferred from one point to another. Further, if we
throw a piece of paper or a cork on the water surface, it
is found to oscillate up and down about the mean
position and does not move forward with the wave.
This shows that it is the disturbance or the wave which
travels forward and not the particles of the medium.

Characteristics of wave motion. Some of the
important characteristics of wave motion are as follows :

() Inawave motion, the disturbance travels through
the medium due to repeated periodic oscilla-

tions of the particles of the medium about their
mean positions.

(i) The energy is transferred from one place to

another without any actual transfer of the
particles of the medium.

Each particle receives disturbance a little later
than its preceding particle i.e., there is a regular
phase difference between one particle and the
next.

The velocity with which a wave travels is

different from the velocity of the particles with
which they vibrate about their mean positions.
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(iii)

(iv)
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(v) The wave velocity remains constant in-a given
medium while the particle velocity changes
continuously during its vibration about the
mean position. It is maximum at the mean
position and zero at the extreme position.

For the propagation of a mechanical wave, the
medium must possess the properties of inertia,

elasticity and minimum friction amongst its
particles,

2. What are the different types of waves we come
across ? Give examples of each type.

Different types of waves. The waves we come
across are mainly of three types :

(vr)

(1) Mechanical waves. The waves which require a
material medium for their propagation are called mechanical
waves. Such waves a're_ also,_called elastic waves because
their propagation depends on the elastic properties of
the medium. These waves are governed by Newton’s
laws and can exist in a nYaterial mediums, such as
water, air, rock etc.

Examples. Water waves, sound waves, seismic
waves (waves produced during earthquake), etc.

(17) Electromagnetic waves. The waves which travel in
the form of oscillating electric and magnetic fields are called
electromagnetic waves. Such waves do not require any
material medium for their propagation and are also called
non-mechanical waves. Light from the sun and distant
stars reaches us through inter-stellar space, which is
almost vacuum. All electromagnetic waves travel
through vacuum at the same speed ¢, given by

c=299792,458 ms~!  (speed of light)

Examples. Visible and ultraviolet light, radiowaves,
microwaves, X-rays, etc.

(717) Matter waves. The waves associated with micro-
scopic particles, such as electrons, protons, neutrons, atoms,
molecules, etc., when they are in motion, are called matter

waves or de-Broglie waves. These waves become important
in the quantum mechanical description of matter.

Examples. Electron microscopes make use of the
matter waves associated with fast moving electrons.

15.2 " SPRING-MODEL FOR PROPAGATION
OF A WAVE THROUGH AN
ELASTIC MEDIUM

3. How the propagation of a wave through an elastic
medium can be explained on the basis of spring-model.
Hence explain the propagation of a sound wave in (a)
air and (b) solids.

Spring-model for the propagation of a wave
through an elastic medium. As shown in Fig. 15.2,

consider a number of springs connecteq 1,
another. One end is fixed to a rigid SUpport, The ffilne
spring is pulled to the left and released. It gets stretcy, rst
Due to elasticity, a restoring force is deve]ope din te}?
first spring. This force brings to the first SPring back te
its original size and stretches the second SPring, ang 0
on. Thus the disturbance moves from one ep d to tio
other, but each spring only executes smal] OSCiHaﬁon:
about its equilibrium position or length,

'ﬂl“ 1 2 3 4

Fig. 15.2 Propagation of a disturbance through a
combination of springs.

The above spring model can be used to explain the
propagation of sound waves through air or any solid,

(a) Propagation of sound waves through air. A
small region of air can be considered as a spring. It is
connected to the neighbouring regions or springs. As
sound wave travels through air, it compresses or
expands a small region of air. This changes the density
and pressure of the region.

According to Boyle's law,

Change in pressure (AP) o change in density (Ap)

As the pressure is force per unit area, so a restoring
force proportional to the change in density is developed,
just like in an extended or compressed spring. If a
region is compressed, its molecules tend to move out to
the adjacent region, thereby increasing the density or
creating compression in that region. The density of air in
the first region decreases and is called rarefaction. But
when a region is rarefied, the air of the surrounding air
rushes in. This shifts the rarefaction to the adjacent
region. Thus compressions and rarefactions move from

one region to another. This makes possible the propa-
gation of disturbance in air.

(b) Propagation of sound in a solid. In a crystalliné
solid, various atoms can be considered as end points
with springs connected between pairs of them. Eafgl
atom is in its state of equilibrium, as the forces exerte
by the other atoms are cancelled out. When an elasti¢
(sound) wave propagates, the atom is displaced frorll;
its equilibrium position and a restoring force le
developed. The disturbance produced by the fOI'Ce
travels to the next atom and so on. Thus the waV
propagates through the solid.
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[RANSVERSE AND LONGITUDINAL
153 WAVES

What are fransverse and longitudinal waves ?
Byplg;in with suitable examples.

Types of wave moti(lm. DepEn'ding on the relation-
. petween the direction of oscillation of individual
stip. les and the direction of wave propagation, the
e e classified into two categories

waves ar . .
Wwaves and longitudinal waves.

Transverse waves. These are the waves in which the
in dividual particles of the mec?m m oscillate perpendicular to
the direction of wave propagntron. ‘As.shown in Fig. 15.3(a),
consider a horizontal string with its one end fixed to a
rigid support and other end held in the hand. If we
give its free end a smart upward jerk, an upward kink
or pulse 18 created there which travels along the string
iowards the fixed end. Each part of the string succes-
sively undergoes a disturbance about its mean position.
As shown in Fig. 15.3(b), if we continuously give up
and down jerks to the free end of the string, a number
of sinusoidal waves begin to travel along the string.

: transverse

Pulse
—p )

Motion A

of the ﬁ (@)
particles : Sinusoidal wave

v

Motion

of the
particles

Fig. 15.3 (a) A single pulse, (b) A sinusoidal wave
sent along a stretched string.

Each part of the string vibrates up and down while
the. wave travels along the string. So the waves in the
string are transverse in nature.

The points (C, C, .....) of maximum displacement in
€ upward direction are called crests. The points
L,T,...) of maximum displacement in the downward

direction are called troughs. One crest and one trough
together form one wave.

i d.l'(,)“gihldinal waves. These are the waves in which the
dn, idual particles of the medium oscillate along the
Irection of waye propagation.

Cyliﬁ:] shown in Fig. 15.4, consider a long hollow
Pisto €r AB closed at one end and having a moyable
’apid? atthe other end. If we suddenly move the piston
PiStdns.(}: OWar‘ds right, a small layer of air just near the
Presseq ead‘ is compressed and after being com-
Presses this layer moves towards right and com-

the next layer and soon the compression

WAVES 15.3

reaches the other end. Now if the piston is suddenly
moves towards left, the layer adjacent to it is rarefied
resulting in the fall of pressure. The air from the next
ayer moves in to restore pressure. Consequently the
next layer is rarefied. In this way a pulse of rarefaction
moves towards right.
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Fig. 15.4 A sound wave produced in a cylinder by

maving a piston back and forth.

If we continuously push and pull the piston in a

simple harmonic manner, a sinusoidal sound wave
travels along the cylinder in the form of alternate
compressions and rarefactions, marked C, R, C, R, etc.
As the oscillations of an element of air are parallel to
direction of wave propagation, the wave is a longi-
tudinal wave. Hence sound waves produced in air are
longitudinal waves.

5. Mention the important properties which a medium

must possess for the propagation of mechanical waves
through it.

Essential properties of a medium for the propa-

gation of mechanical waves. Both transverse and

longitudinal waves can propagate through those
media which have the following properties :

(i) Elasticity. The medium must possess elasticity
so that the particles can-return to their mean
positions after being disturbed.

(if) Inertia. The medium must possess inertia or
mass so that its particles can store kinetic energy.

(1if) Minimum friction. The frictional force amongst
the particles of the medium should be negli-
gibly small so that they continue oscillating for
a sufficiently long time and the wave travels a
sufficiently long distance through the medium.

6. Through what type of media, can (i) transverse waves

and (ii) longitudinal waves be transmitted ? Give reason.

(i) Media through which transverse waves can

propagate. Transverse waves travel in the form of
crests and troughs. They involve changes in the shape
of the medium. So they can be transmitted through
media which have rigidity. As solids and strings can
sustain shearing stress, so transverse waves can be
formed in solids and strings, not in fluids.

Due to surface tension, the free surface of liquid

tends to maintain its level. So transverse waves can be
formed over liquid surfaces.
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(i) Media through which longitudinal waves can
propagate. Longitudinal waves travel in the form of
compressions and rarefactions. They involve changes
in volume and density of the medium. All media—
solids, liquids and gases can sustain compressive
stress, so longitudinal waves can be transmitted
through all the three types of media.

15.4 .~ SOME DEFINITIONS IN CONNECTION
WITH WAVE MOTION

7. In reference to a wave motion, define the terms
(1) amplitude, (ii) time period, (i) frequency,
(1v) angular frequency, (v) wavelength, (vi) wave number,
(vii) angular wave number and (viil) wave velocity.

Some definitions in connection with wave
motion. When a transverse or a longitudinal wave
propagates through a medium, all the particles of the
medium oscillate about the mean positions in the same
manner but the phase of oscillation changes from one
particle to the next.

(1) Amplitude. It is the maxinum displacement
suffered by the particles of the medium about their
mean positions. It is denoted by A.

Time period. The time period of a wave is the time
in which a particle of medium completes one
vibration to and fro about its mean position. It is
denoted by T.

Frequency. The frequency of a wave is the number
of waves produced per unit time in the given medium.
It is equal to the number of oscillations completed
per unit time by any particle of the medium. It is
equal to the reciprocal of the time period T of
the particle and is denoted by v. Thus

1
v=—
T

(1)

(iii)

SI unit of vis s~ ! or hertz (Hz).

Angular frequency. The rate of change of phase
with time is called angular frequency of the wave. It
is clearly equal to 2n/T, because the phase
change in time T is 2 It is denoted by w. Thus

(i)

w:g-5=2fw
T

SI unit of o =rad s~ .

Wavelength. It is the distance covered by a wave
during the time in which a particle of the medium
completes one vibration to and fro about its mean
position. Or, it is the distance between two nearest
particles of the medium which are vibrating in the
same phase. It is denoted by A

(v)

" A ~ b A
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::) + Al /\ Amplih,de
g @]
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o
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0 | : Crest
a ' 4 . T': Trough
Wave propagation

Fig. 15.5 Displacement-distance (y-x) graph
for a transverse wave.

In a transverse wave, the distance between two
successive crests or troughs is equal to the
wavelength A, as shown in Fig. 15.5. In a longi-
tudinal wave, the distance between the centres
of two nearest compressions or rarefactions is
equal to wavelength A
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| ll
S)A ﬂ CHH I

il

Fig. 15.6 Sound (longitudinal) waves from
a tuning fork.

(a)

(b)

(vi) Wave number. The number of waves present in a
unit distance of the medium is called wave number.
Itis equal to the reciprocal of wavelength A. Thus

Wave number, v =%

SI unit of wave number = m~ !

Angular wave number or propagation
constant. The quantity 2n/ A is called angular wave
number or propagation constant of a wave. It
represents the phase change per unit path
difference. It is denoted by k. Thus

fpe2X
A

The SIunit of k is radian per metre orrad m~ L

Wave velocity or phase velocity. The distance
covered by a wave per unit time in its direction of
propagation is called its wave velocity or phase
velocity. It is denoted by v.

(vii)

(viii)

8. Derive relation between wave velocity, frequency
and wavelength of a wave.

Relation between wave velocity, frequency and
wavelength. We know that when a particle of the
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medium completes one oscillation about its mean
position in periodic time T, the wave travels a distance
equal to its wavelength A Therefore,

Distance
Wave velocity = S1Tanee
Time
Iy
or ==
T
or T =vA I v=1/T]

ie.,

Wave velocity = Frequency x Wavelength
____Examples based on

FormuLae Usep
1. Wave velocity = Frequency x Wavelength

or v=vA
2. Wave velocity = M or v= r
Time period T
Wave velocity 2
3. Wavelength=—————— or A=-
Frequency v

Unirs Usep
Wavelength A is in metre, frequency v in Hz ors” !
time period T in second and wave velocity v in
-1
ms~ .

Izxampri: t. How far does the sound travel in air when a
tuning fork of frequency 256 Hz makes 64 vibrations ?
Velocity of sound in air =320 ms~ k [Delhi 05]

Solution. Here v =256 Hz,

2 =320 ms ™

Distance travelled by the wave in one vibration is

equal to its wavelength.
v 256
Distance travelled by the wave in 64 vibrations
=125x 64 =80 m.

Examerr: 2. A source of sound is placed at one end of an
iron bar twa kilometre long and twe sounds are heard at the
other end at an interval of 5.6 seconds. If the velocity of
sound in air is330 ms™ 1, find the velocity of sound in iron.

Solution. One sound is heard through air and
another through iron.

Time taken by sound in air,

D:qtance

As the interval between the two sounds is 5.6 s and
sound travels faster in iron than in air, so the time
taken by sound in iron is

I'=6.06 -5.6=0.46s
Velocity of sound in iron
_ Distance _ 2000 m

Time

= 4348 ms "

Vel 2o Audible frequencies have a range 20 Hz to
20,000 Hz. Express this range in terms of (i) period T
(it) wavelength X in air and (iii) angular frequency. Given

velocity of sound in air is 330 ms™ '

Solution. Here v, =20 Hz, v, =20000 Hz,
=330 ms~ !
. 1 1 =
(N T,=—=-—=5x10
vy 20
TZ:—1—= ! _5x107%s
v, 20,000
Thu: the audible range in terms of period is from
5x10 2 sto5x 10"
: v 3'%0 -
i)y A, = =16.5m
(ir) 1 v 0
=223 40165m
= v, 20000

Thus the audible range in terms of wavelength is
from 16.5 m to 0.0165 m.

(iif) o, =2nv, =2mnx 20 =40n rad s~
w, =2nv, =21 x 20,000 =40,000n rads™!

Thus the audible range in terms of angular

frequency is from 4nrads™' to 40,000 nrad s’

T AT AT S TS T T A R e S e S

* PROBLEMS FOR PRACTICE

1. A radio station broadcasts its programme at
219.3 metre wavelength. Determine the frequency
of radio waves if velocity of radio waves be
3x10% ms . (Ans. 1368 x 10° Hz)

2. The audible frequency range of a human’s ear is
20 Hz - 20 kHz. Convert this into the correqpond ing
wavelength range. Take the speed of qound in air at
ordinary temperatures to be 340 ms~

(Ans. 0.017 m to 17 m)

3. The speed of a wave in a medium is 960 ms~ . If
3600 waves are passing through a point in the
medium in 1 minute, then calculate the wavelength.

(Ans. 16 m)
4. 1f a splash is heard 4.23 seconds after a stone is

dropped into a well 78.4 m decp, find the speed (I)f
sound in air. (Ans. 340.87 ms ™)
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5. A stone is dropped into a well and its splash is
heard at the mouth of the well after an interval of
1.45 s. Find the depth of the well. Given that
velocity of sound in air at room temperature is
equal to 332 ms™, [MNREC 81]

(Ans. 9.9 m)

6. Abody sends waves 100 mm long through medium
A and 0.25 m long in medium B, If the velocity of
waves in medium A is 80cm s~!, calculate the
velocity of waves in medium B. (Ans. 2 ms™ 1)

X HinTs
340
2. Here ), =2 - 2% =17 m.
M T T m
v _ 340
v, 20x10°
3. Speed of the wave,
v=960ms™!
Frequency of the wave,

and A, =

=0.017 m.

v = 3600 min~! = 2000 =605 !
60

Wavelength,
v 960

A=—=""=16 m.
v 60

4. For downward motion of the stone,

u=0, a=9.8ms'2, §s=748m, t=7
As s=u!+lnf2
2
78.4=0+%x9.8t2=4.9t2
or t2=@=16 or | =4s
49

Let t' be the time taken by the splash of sound to
reach the top of the well. Then

t+t'=4+1'=423s or t'=423-4=0235
Speed of sound in air ]

_ Distance _ 784
"~ Time 023

5. Let hbe the depth of the well. Then time t; taken
by the stone to fall into well under gravity is given

by
h=0+lgt12 or t1=\/§
2 8

Time taken for the splash to travel height h is given
by

=340.87 ms ™!,

h
b, =—
2 v

where v = velocity of sound

But t, +1,=145s
2_h + ﬁ = 1.45
V g v
2h h
— +—=1.45
or 98 ' 332
On solving, h=99m.

6. Here A, =100mm =010m, Ap,=025m,
v, =80 cm s ! =0.80 ms™!

As the frequency of the wave remains same in the
two media, so

v=2a _"
A’A B
A 0.25
B 1
Up=—7—XVD, = X0.80=2m
BT, AT 010 °

15.5 - SPEED OF TRANSVERSE WAVES

9. On the basis of dimensional considerations, write
the formula for the speed of transverse waves (a) on a
stretched string and (b) in a solid.

(a) Speed of a transverse wave on a stretched
string, The wave velocity through a medium depends
on its inertial and elastic properties. So the speed of
transverse wave through a stretched string is deter-
mined by two factors :

(1) Tension T in the string is a measure of elasticity
in the string. Without tension no disturbance
¢an propagate in the string.

Dimensions of T = [Force] = [MLT 2]

(i1) Mass per unit length or linear mass density mof
the string so that the string can store kinetic
energy.

Dimensions of m = _Ma5s]__ [

-1
[Length] M

-2
Now, dimensions of ratio T _[MLT 7] _

m ML)
As the speed v has the dimensions [LT '} so wecan
express v in terms of T and m as
v=_C I
m
From detailed mathematical analysis or from
experiments, the dimensionless constant C =1. Hence

the speed of transverse waves on a stretched string 15
given by

[12T 7]
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Clearly, the speed of a transverse wave along a stretched
string depends only on the tension T and linear mass density
m of the string. It does not depend on the frequency of the
wave. The frequency of a wave depends on the source
generating that wave.

(b) Speed of transverse wave in a solid. The speed
of transverse wave through a solid is determined by
two factors : (i) Elasticity of shape or modulus of
rigidity n of the solid. (if) Mass per unit volume or
density p determines its inertia.

Now,

~1mp-2
Dimensions of ratio Li [y [_ML__IB__]
p [ML™7]

Dimensions of speed v =[LT Y

So we can express v in terms of n and p as

v=C n
P
The dimensionless constant C is found to be unity.
Thus the speed of transverse wave in a solid is given by

v= |1,

p

":'"" SES - E a
FormuLae Usep

1. Velocity of transverse waves in a solid of modulus
of rigidity n and density p,

p= [

: P
2. Velocity of transverse waves in a string of mass
per unit length m and stretched under tension T,

\F
V=4
m

Units Usep .
Here nis Nm 2, pin kg m™>, tension Tin N, linear

mass density in kg m~* and velocity vin msT".

Exampir 4. For aluminium the modulus of rigidity is
21x10™ Ny 2 gnd density is 2.7 x 10® kg m~ >. Find the
Speed of transverse waves in the medium.

Solution. Here 1 =2.1x 10'® Nm~ )
p=2.7x 10° kg m™3
Speed of transverse waves in aluminium is given by

U:F:
p

10
21x10° _ 5794 10° ms L.

2.7 x 10°

ExampLy 5. A steel wire 0.72 m long has a mass of
50x 107> kg. If the wire is under a tension of60 N, what is
the speed of transverse waves on the wire ? [NCERT]

Solution. Here T=60N, Mass =50x10"° kg,
Length =0.72 m

Mass per unit length,

= m =69x 103 kg m™!

0.72 m

The speed of the transverse wave on the wire,

v= L 6?:1:] — =93 ms .
m 6.9 x 10™ “kgm

ExampLE 6. In a sonometer experiment, the density of the
material of the wire used is7.5 x 10% kg mi~ >, If the stress of
the wire is 3.0x 10® Nmi™ 2, find out the speed of the
transverse wave in the wire.

Solution. Let A be the area of cross-section of the wire.
Tension in the wire,
T = Stress x area =3.0 x 10% x A newton
Mass per unit length,
m=Ax1xp=Ax75x 10° kgm'1
Speed,

8
30x10°x A _ 00 1

T
= _—= 3
m Ax75x10

ExAMPLE 7. A copper wire is held at the two ends by rigid
supports. At30°C, the wire is just taut with negligible tension.
Find the speed of transverse waves in the wire at 10°C.
(@=17x10"%°C~Y,  Y=14x10" Nm?
p=9x10% kg m ).

Solution. When the temperature changes from
30°C to 10°C, then change in length of the wire is

Al=o AT =1.7x10° x I x (30 —10)
=1x34x107"m

Young’s modulus,
_F 1
ANl
So the tension produced in the wire is
T ANl _14x10" x Ax1x34x107%"
l 1
=4.76 x 10’ x A newton
Mass per unit length,
m= Axlxp:Ap:Ax9x103 kgm_1

Speed of transverse wave,

and

7
g jT o [ATOXI XA gy et

m Ax9x10°
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X PrROBLEMS FOR PRACTICE

1. A steel wire 70 cm long has a mass of 7 kg. If the
wire is under a tension of 100 N, what is the speed
of transverse waves in the wire ? (Ans. 100 ms )

2. The speed of a transverse wave in a stretched string
is 348 ms™ !, when the tension of the string is 3.6 kg
wt. Calculate the speed of the transverse wave in
the same string, if the tension in the string is
changed to 4.9 kg wt. (Ans. 406 ms™ ")

3. Calculate the velocity of transverse waves in a
copper wire 1mm? in cross-section, under the
tension produced by 1 kg wt. The density of copper
=893kg m~>. (Ans. 33.12ms )

4. A wave-pulse is travelling on a string of linear mass
density 10gcm™! under a tension of 1 kg wt.
Calculate the time taken by the pulse to travel a

distance of 50 cm on the string. Given g = 10 ms ™2,

(Ans. 0.05 s)

5. The diameter of an iron wire is 1.20 mm. If the
speed of the transverse wave in the wire be
50.0 ms™!, what is the tension in the wire ? The
density of iron is 7.7 x10° kg m~>. (Ans. 21.78 N)

= HINTS
2. %2 \/E (For a given string)
g V%
v, = E><'u1_-—. 49 x2 x 348
T 36xg

:%343:406 —

3. Here A=1mm?=10"°% m?, p=8.93><103 kg m™3,
T=1kg wt=98N
Mass per unit length of wire,
m=Ax1xp=10"°x893 x10°
=893x10" kg m™!

' v_\/f_ 9.8
“\m \893x10°

=33.12 ms .
_1g _10'3kg
“1em 1070%m

T=1kgwt=10N
v

=Jf= / 1?1 =10 ms™!
m 10

50 x10" 2 m

Time taken to travel 50 cm = ———
10 ms

=107 kg m™?

4. He-e m

= 0.05 s.

5. Mass per unit length, ,

nd
m=Axlxp= v
T 2 T
As v=.— or vo=—
m m
2 .2
o2 TdTPT
T = mv 1
 22%(1.20 x10%)* x 7.7 x 10 (50)2
- 7 x4
= 21.78 N.

15.6 ©* SPEED OF A LONGITUDINAL WAVE

10. Write expression for the speed of a longitudinal
wave in (a) a liquid or gas, (b) a solid and (c) a long
solid rod.

(7) Speed of a longitudinal wave in a liquid or gas.
In a longitudinal wave, the particles of the medium
oscillate forward and backward in the direction of
propagation of the wave. They cause compressions
and rarefactions of small volume elements of fluid. So
the speed of a longitudinal wave through a fluid is
determined by two factors :

(1) The volume elasticity or bulk modulus « of the

fluid.

(it) The density of the fluid which determines its

inertia.
Dimensions of the ratio —
P
_IMLTT )
(ML)
Dimensions of speed v =[LT ™ !]
So the speed v can be expressed in terms of x and p 25
p

The dimensionless constant C is found to be uml’y
Hence the speed of a longitudinal wave in any fluid
(liquid or gas) is given by

K

v= |—
o]

Clearly, the speed of a longitudinal wave through a fluid
depends only on its bulk modulus « and density p.

(b) Speed of a longitudinal wave in a solid. The
speed of a longitudinal wave through a solid of 1.;ulk
modulus k, modulus of rigidity n and density p is given
by

=T

4
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(c) Speed of a longitudinal wave in a solid rod.
When a long solid rod is given blows at one end,
Jongitudinal waves travel through it in the form of
compressions and rarefactions. As the sidewise expan-
sion of the rod is negligible, we need to consider only
Iongitudinal strain. In this case, the relevant modulus
of elasticity is the Young’s modulus. Hence the speed
of a longitudinal wave through a solid rod of Young’s
modulus Y and density p is given by

Y

v=_[—.
P

15.7 © SPEED OF SOUND : NEWTON'S
FORMULA AND LAPLACE

CORRECTION

11. Write Newton's formula for the speed of sound in

a gas. Why and what correction was applied by Laplace
in this formula ?

Newton'’s formula for the speed of sound in a gas.
Newton gave the first theoretical expression for the
speed of sound in a gas. He assumed that sound waves
travel through a gas under isothermal conditions. He
argued that the small amount of heat produced in a
compression is rapidly conducted to the surrounding
rarefactions where slight cooling is produced. Thus the
temperature of gas remains constant. If K., 1s the
isothermal volume elasticity (bulk modulus of the gas
at constant temperature), then the speed of sound in
the gas will be

v= Kiso

p
For an isothermal change,

PV = constant

(Boyle’s law)
Differentiating both sides, we get

PdV + VdP =0
or PdV =~V dP
or Pe_ VdP dP
dv av|v
Volume stress

~ Volume strain %

. Hence the Newton's formula for the speed of sound
N a gas js

AtSTP, P =076 m of Hg =0.76 x 13.6 x 10° x 9.8

=1.013 x 10° Nm™?
p = Density of air=1.293 kg m~>

Speed of sound in air at STP,

1.013 x 10°
1.293

This value i i about 15% less than the experimental
value (331 ms™ ') of the speed of sound in air at STP.
Hence Newton’s formula is not acceptable.

Laplace’s correction. In 1816, the French scientist
Laplace pointed out that sound travels through a gas
under adiabatic conditions not under isothermal
conditions (as suggested by Newton). This is because
of the following reasons :

=280 ms™ !

(i) As sound travels through a gas, temperature
rises in the regions of compressions and falls in
the regions of rarefactions.

(i1) A gas is a poor conductor of heat.

(1) The compressions and rarefactions are formed
so rapidly that the heat generated in the regions
of compressions does not get time to pass into
the regions of rarefactions so as to equalise the
temperature.

So when sound travels through a gas, the
temperature does not remain constant. The pressure-
volume variations are adiabatic. If x adia 18 the'adiabatic
bulk modulus of the gas, then the formula for the
speed of sound in the gas would be
Kadia

p
For an adiabatic change, PV" = constant
Differentiating both sides, we get
P(yV'=1YdV + VY dP=0
or y PdV + VdP =0

U=

dapP
avjv

where y =C,/ C,, is the ratio of two specific heats.

= K adia

Hence the Laplace formula for the speed of sound
in a gas is
1P
p

This modification of Newton’s formula is known as
Laplace correction.

For airy =7 /5, so speed of sound in air at STP will

be
v=fy \ff =‘gs< 280 =331.3 ms™!
P

This value is in close agreement with the

experimental value. Hence the Laplace correction is
justified.
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Examples based on Solution. Here Y =2.9x 10" Nm™%,
7 ¢ g _';.l;“‘_‘! | & {kl |.E:t@ gl_:.."-‘li ;‘ “::'? ]“- ‘1 p :8 X 103 l(grn—3
Formurate Usep Velocity of longitudinal waves in steel is
10" .
1. Velocity of longitudinal waves in a solid of bulk L s ————— =6.02x 10% ms™?
modulus x, modulus of rigidity ) and density p is P 8x10

given by ; Examrie 10, At a pressure of 10° Nm 2, the volume
3 n strain of water is 5x 107 3 Calcufafe the speed of sound in
U= : water. Density of water is 10° kg m”
p ’
. ad Solution. Bulk modulus of water is
2. Velocity of longitudinal waves in a long rod of Normal stress (pressure)
Young’s modulus Y and density p is given by K= e
Y Volume strain
U= - 5
p - _2x10° Nm?
3. Velocity of longitudinal waves in liquid of bulk 5x10
modulus k and density p is given by Density, p =10 kg s
v=_|% Speed of sound in water is
P 9
. . 1 k - [2x10 3 1
4. Newton'’s formula for the velocity of sound in a gas is v= |—= 5— =1.414x10° ms
U= -‘—CM = F p 10
\ p p ExamriE 11. Estimate the speed of sound in air at standard

temperature and pressure by using (i) Newton's formula

where P = pressure of a gas
and (i1) Lap!ace formula. The mass of 1 mole of air

5. Laplace formula for the velocity of sound in a gas s

2 =29.0x 103 kg. For air, y =1.4. [NCERT]
= J.‘.‘JM_ = T_P where v =Eﬂ Solution. Density of air,
P P ¢ b= Mass of 1 mole of air
Units Usep Volume of 1 mole of air
Modulii of elasticity x,Y and n are in Nm™2, 29.0x 1073 kg
pressure Pin Nm ™2 or Pa, velocity vin ms™ and = 22.4 litre
specific heats ratio y has no units. )
_290x1073 kg
Examerr 8. For aluminium the bulk modulus and modulus T 224x10-3 =1.29 kgm

of rigidity are 7.5 x 10" N2 and 2.1x 10'° Nm~ 2. Find
the velocity of Iang:tud:nal waves in the medium. Density of Standard pressure, P =1.01x 10° Pa.

-3
aluminium is 2.7 x 10 kg m™ . 1 . (i) According to Newton’s formula, speed of sound
Solution. Here k =7.5x10'" Nm™?2, in air at S.T.P. is
n=21x10"" Nm~? p=27x10° kgm*3 v 9 1‘—4—1'0“105 280 ms™!
= |[—= = S
Velocity of longitudinal waves in aluminium is 1.29
L4 (i1) Accordmg to Laplace formula, speed of sound
.. 3 in air at S.T.P. is
p P _ [14x1.01x10°
— 3 v= Y5 =\/__ﬁ_x£ =331.5 ms ™
75x1010 + “x21x10% Ve 129
\ 2.7 x 10° ¥ PROBLEMS FOR PRACTICE
=618 x 10° ms~ . 1. The speed of sound in a liquid is 1500 ms™~'. The

density of the liquid is 1.0 x 10° kg m 2. Determine
the bulk modulus of elasticity of the liquid.

(Ans. 2.25 x 10° Nm~?)

Examerr g, For a steel rod the Young's modulus o
elasticity is2.9 x 10" Nm~ 2 and density is 8 x 10° kg m”
Find the velocity of the longitudinal waves in the steel rod.
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2. The longitudinal waves starting from a ship return
from the bottom of the sea to the ship after 2.64 s. If
the bulk modulus of water be 220 kg mm ~? and the
density 1.1x10° kg m ™, calculate the depth of the

Since mis a constant, so

P
— = constant
p

C -1 .., when pressure changes, density also changes in the
sed T; ke ‘\_—29'8 Nkg " (Ans. 18?8 m) same ratio so that the factor P/p remains unchanged.
3. At10° Nm aln;osphenc pressure the density of yance pressure has no effect on the speed of sound in a
air is 1.29 kg m”°. If y = 1.41 for air, calculate the gas.
- =1
Spaed ok Siird inae (Ana. 330:6ms™") (i) Effect of density. Suppose two gases have the
4. Atnormal temperature and pressure, 4 g of helium same pressure P and same value of y (both are either
occupies a volume of 224 litre. Determine the monoatomic, diatomic or triatomic). Ifp, and p, are the
speed of sound in helium. For helium, y = 1.67and  densities of the two gases, then the speeds of sound in
1 atmospheric pressure = 10° Nm ™ 2, them will be
-1 - P
(Ans. 967 ms™ ") v = P and v, = P
Pi P2
= HINTS
v ' -
2. Here x=220kg mm™2 =220 x 106 kg m"2 S [P
=220 x9.8 x 10° Nm ™2 2 VP "

p=11x10° kg m™>

6
 va B [BIEE
p | 11x10
t

v

ms™ !

Depth of the sea

_ 1400 x 2.64 1B 1o,

2
4. Density of helium,
4g 4x1073 kg 4 3
= = = k m
P 4lite 224x10°m3 224 8

y P

p

v=

5
=J1.67x10 24 oo o

4

~

Hence at constant pressure, the spe‘ed of sound in a gas
is inversely proportional to the square root of its density. For

example, the density of oxygen is 16 times the density
of hydrogen.

- U—H-.:: p—0 = 1m6pH =4
% Py PH

N

or

1.e., the speed of sound in hydrogen is four times the
speed of sound in oxygen.

(1i1) Effect of humidity. The speed of sound in air is
given by

yP

P

=

15.8 * FACTORS AFFECTING SPEED OF
SOUND IN A GAS

12. Discuss the various factors which affect the

speed of sound in a gas.

Factors affecting the speed of sound in a gas. The
factors such as density of a gas, its pressure, tempe-
rature, presence of moisture, etc., affect the speed of

sound in a gaseous medium.

(i) Effect of pressure. The speed of sound in a gasis

given by the Laplace formula,
P

p

At constant temperature,

U=

PV = constant
2 q . " m
I — = constant -

m m
vp=— or V=L
P [ 4 P

. As the density of water vapour (0.8 kgm™ 3 at STP)
is less than that of dry air (1.293 kgm™ 3 at STP), so the
presence of moisture in air decreases the density of air.
Since, the speed of sound is inversely proportional to
the square root of density, so sound travels faster in
moist air than in dry air.

(iv) Effect of temperature. For one mole of a gas,

PV = RT. If Mis the molecular mass of the gas and p its
density, then

% P
PM_pr o P_RT
P p M
sy }ﬂ
M
Clearly, vec T

Hence the speed of sound in a gas is directly
proportional to the square root of its absolute temperature.
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Temperature coefficient for the speed of sound in
air. It is defined as the increase in the ve locity of sound for
1°C (or 1 K) rise in temperature of the gas.,

As v o T T(K)y=1°C+273
L AL0°C vy 0 +273
At 1°C, v, o [t +273

!

and

speed
speed

t K
Hence Y = +273

v, \0+273

" }1/2~ [ 1t ]
—| =1+ —
273 2 273

. vn x t

or {v{ = UO -+

546

But speed of sound in air at 0°C,
vy =332 ms~ L

332 x t
U, =7y = 32 =0.61¢
546

or v, =17, {1 +

When t =1°C, v, -y, =0.61ms™ ' =61 em 57!

Hence the welocity of sound in air increases by
6lcms™' for ev ery 1°C rise of temperature. This is
known as temperature coefficient for sound in air.

(v) Effect of wind. As the sound is carried by air, so
its velocity is affected by the wind velocity. Suppose
the wind travels with velocity w at angle 8 with
direction of propa- w
gation of sound, as
shown in Fig. 15.7.
Clearly, the compo- A
nent of wind velocity mcos@$
in the direction of =z
sound is w cos 0. Fig. 15.7 Effect of wind.

Wind

Sound 7

- BT

Resultant velocity of sound =v + w cos 0

When the wind blows in the direction of sound
(6 =0°), resultant velocity = v + w.

When the wind blows in the opposite direction of
sound (8 =180°), resultant velocity =v — w.

(vi) Effect of frequency. The speed of sound in air
is independent of its frequency. Sound waves of
different frequencies travel with the same speed in air,
though their wavelengths in air are different. If the
speed of sound were dependent on the frequency, we
could not have enjoyed orchestra.

(vii) Effect of amplitude. To a large extent, the
speed of sound is independent of the amplitude of the
sound wave. But if the amplitude is very large, the
compressions and rarefactions may cause large tempe-
rature variations which may affect the speed of sound.

Examples based on

FormuLae Usep

1. Effect of pressure. There is no effect of pressure on
velocity of sound.

2. Effect of density vo —
Jp
v P1

3. Effect of temperature v o /T
or 2 _ L
n V%L
” ’y RT
M !

where M = molecular mass of the gas.

4. Temperature coefficient of sound. It is given by
%%
f

For air, @ = 0.61 ms™ !

Also

=

o)
Units Usep

Density p is in kg m 3, pressure P in Nm 2,
temperature T in kelvin (K) and velocity » in ms ™

ExamprLr 12. At what temperature will the speed of sound
be double its value at 273 K ? [Himachal 09]

Or
Calculate the temperature at which the speed of sound

will be two times its value at 0°C. [Delhi 02]
v T
Solution. 2= |-2
U i
Given v, =29, T, =273K

vy

2% \/i or 2o
v, V273 273
T, =4x 273 =1092 K.

Examerr 13. A tuning fork of frequency 220 Hz produces
sound waves of wavelength 1.5 min air at S.T.P. Calculate
the increase in wavelength, when temperature of air is27°C.

Solution. Here v =220 Hz, T(J =273 K,
T=273+27=300K, A;=15m
Speed of sound at S.T.P. is
Vo =VA;=220x 1.5 =330 ms~!

v _|T_ /@
() T0 273
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Giee 300 I (SOUAX 130 ms- ! Esasierr 16, At normal temperature and pressure the
= — Uy — — [l s . oo = .
273 " V273 speed of sound in air is 332 ms ' Wihat will be the speed of

sound in hydrogen at 546°C and 3 atmospheric pressure 7

But p=vA=220x A . . !
" v S Air is 16 times heavier than hydrogen.
220% A= 300 x 330 Solution. First we find out speed of sound in
273 hydrogen at normal temperature and pressure.

or K=J§@x @=1.57m vy P, P,
273 220 H- 2= | ——— =4
Uy Py VA/16)py

Increase in wavelength
v, =4x332=1328 ms™

=A-24,=157-15=0.07 m. '

. . i ted by the ch

Exaserr 14. Find the temperature at which sound travels Asithe speed of sounc':l is not affglied BIFHCCHARER

———, . : o~ of pressure, we determine the effect of temperature

in hydrogen with the same velocity as in oxygen at 1000°C. :
i alone. Let v, and vy, be the speeds of sound in

Density of oxygen is 16 times that of hydragen. hydrogen at 0°C and 546°C respectively. Then
v

Solution. Let v, © = velocity of sound in
o 1000 Y o [273 + 546
v 273 +0

oxygen at 0°C and 1000°C
v{], vy = velocities of sound in hydrogen at

0°Cand t°C WE_ 5178
For oxygen, 21000 ’273 +1000 _ [1273 273
yg ’ UO - 273 273 17 1’546 =1.732 Uo -_—11.732 x 1328
— 273 =2300 ms .
Y1000 =\ 973 Yo peaniris 17, Find the ratio of velocity of sound in hydrogen
o qas (y=7/5) to that in helivm gas (y =5/3) at the same
Similarly, for hydrogen, temperature. Given that molecular weights of hydrogen and

, ’273 +t helium are 2 and 4 respectively. [LIT 85]
'{lf = E)D
273 Solution. v =‘/ﬂ
M

Given vy500 =7}

1773 7311 At constant temperature,
— U, = Upy-
V273 0TV 27 0 Uy _ [T M

M
o 273+t _ v [Py _\/T_l UHe \THe W
V1273 0, \p, V16 4 _ f7_/_5 4_ {12_ — 1.68.
273+t 1 5/32 1%
1273 16 ExamrLe 18. The ratio of densities of oxygen and nitrogen
1273 is16 :14. At what temperature, the speed of sound in oxygen
or 273 + t = T =79.56 will be equal to its speed in nitrogen at 14°C?

Solution. Speed of sound,

t =79.56 —273 =-193.44°C.
or 79 3 93.44°C “RT [y R(t+273)
ExampLe 15. Speed of sound in air is 332 ms Yat S.T.P. UTNm M

What will be its value in hydrogen at S.T.P, if density of ' .
hydrogen at 5.T.P. is 1/ 16" that of air ? [MNREC 95] Speed of sound in oxygen at f°C

Solution. Speed sound, v = rFP _ [y R(t+ 273)
P Mo

Taking y and P same for air and hydrogen, we can Speed of sound in nitrogen at 14°C

write y R(14 +273)
Pu _ \/37-; - /___pa —4 - My
va pH (1 / 16) pﬂ .
-3 But these two speeds have to be equal. Also, v 15
vy =4v, =4x332=1328 ms . same for both gases.
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Hence
/'y R(t+273) [y R(14 +273)
VM Vo My
t+273
. Mo _
My, 287
. M, 16
Given — = —
M, 14
16 t+273
14 287
On solving, t = 55°C.

EXAMPLE 19. A gas is a mixture of two parts by volume of
hydrogen and one part by volume of nitrogen. If the velocity
of sound in hydrogen at 0°C is 1300 ms™ *, find the velocity

of sound in the gaseous mixture at 27°C.

Solution. Both hydrogen and nitrogen are diatomic
gases. So the value of y can be taken same for hydrogen,

nitrogen and the mixture of gases.
Total mass

Density of mixture = ——
Total volume

_2Vxpy+Vxpy

o Pimix WAV
_2Vxpy +Vx1dp, 16py,
3V &

[ Py =14py]

Velocity of sound in the mixture at 0°C,

JYP \/ny3
UO= =
P mix 16pH

Velocity of sound in hydrogen at 0°C

o = 1P
PH
%o _ [¥Px3 ey (3 _B
Vy 16 pyy Y 16 4
3
or vo=§vﬁ=§x1300=325\/§m5_1

Velocity of sound in the mixture at 27°C,

% PROBLEMS FDOR PRACTICE

1. Find the temperature at which the velocity of sound

in air will be 1% times the velocity at 11°C,

(Ans. 366°C)

. The speed of sound in air is 332 ms™' at 0°C. At

what temperature will the speed become one half of
that at 0°C? [Himachal 08]  (Ans. —204.75°C)

. What is the ratio of the velocity of sound in

hydrogen (y = 7/5) to that in helium gas (y =5/ 3)
at the same temperature ? [1IT 85]

(Ans. \/42/5)

. An observer sets his watch by the sound of a signal

fired from a tower yet he finds that his watch is
slow by 5 s. Find the distance of the tower from the
observer. The temperature of air during the
observation is 20°C and the velocity of sound in air
at 0°Cis 332 ms ™. (Ans. 1720 m)

. A sound wave propagating in air has a frequency of

4000 Hz. Calculate the percentage change in
wavelength when the wavefront, initially in a
region where T = 27°C, enters a region where the
temperature decreases to 10°C. (Ans. 3%)

. At what temperature will the velocity of sound in

hydrogen be the same as in oxygen at 100°C ?
Density of oxygen is 16 times the density of
hydrogen. (Ans. - 249.7°C)

- The speed of sound in dry air at S.T.P. is 332 ms™".

Assuming air as composed of 4 parts of nitrogen
and one part of oxygen, calculate velocity of sound
in oxygen under similar conditions, when the
densities of oxygen and nitrogen at S.T.P. are in the
ratio of 16: 14. (Ans. 314.77 ms™ 1)

X HINTS

1. Given v, =%”11

273+t 3 273+ 11
273 2 273

On squaring, 2754 | 2 x@l

273 4 273

On solving , t = 366°C.
¥ RT

. Speed of sound, v = ,[——

lﬂ— = YH . MHe = 7/5 é =.@
Ve VYne My J5/3 2 5 °
’273 + 20 )293
= =332 . [— = -
Uy =g 73 3 > 340 ms

Distance of tower from the observer
=340x5=1720 m.

27
D _ 3+10=’2_8§=0-97
y \273+27 V300

As frequency remains unchanged, so

l_z_vlz_vz



WAVES 15.15

Percentage change in wavelength,

A=A, 2
1 }‘.xm(): ‘1—-A—~ x 100
1 M
=(1-10.97) x 100 = 3%.
6. Given: (@) =W

() [273+r_(v) {273+100

0Ty 973 ~ 0N 273

vy | _ [273+100 p_onT_ﬁzg

%), 273+ t Py 1 1
16

373
Or =
273+t
On solving, t =-249.7°C.

. Total mass
7. Density of mixture =

Total volume
_ 4V xpy + V xpy

mix

4V + V
PN 14
o4 " +1 (4 +1]
) O[ Po ]:’0 " 16
5 5
9

10
Lo 1 f"mi* = [%2Po _ 55 - 09487
Umix Po Po

‘o Uy =09487 x v, =0.9487 x332 = 314.77 ms™ 1.

159  DISPLACEMENT RELATION FOR

A PROGRESSIVE WAVE

13. What is a progressive wave ? What is a plane
progressive harmonic wave ? Establish the displacement
relation for harmonic wave travelling along the positive
direction of X-axis.

Progressive wave. A wave that travels from one point
of the medium to another is called a progressive wave. A
progressive wave may be transverse or longitudinal.

Plane progressive harmonic wave. If during the
propagation of a wave through a medium, the particles of the
medium vibrate simple harmonically about their mean
positions, then the wave is said to be plane progressive
harmonic wave. In a harmonic progressive wave of
given frequency, all particles have same amplitude but

the phase of oscillation changes from one particle to
the next.

Displacement relation for a progressive harmonic
wave. Suppose a simple harmonic wave starts from the
origin O and travels along the positive direction of
X-axis with speed v. Let the time be measured from the

instant when the particle at the origin O is passing
through the mean position. Taking the initial phase of
the particle to be zero, the displacement of the particle
at the origin O (x =0) at any instant ¢ is given by

¥ (0, f)= A sin ot (1)

where T is the periodic time and A the amplitude of the
wave,

YA
+A}
y Wave velocity = v
T -~
= P P X
-—-x—.{ L
Al )
A X

e

Fig

IS

. 15.8 A simple harmonic wave.

Consider a particle P on the X-axis at a distance x
from O. The disturbance starting from the origin O will
reach P in x / v seconds. This means the particle P will

start vibrating x / v seconds later than the particle at O.
Therefore, -

Displacement of the particle at P at any instant ¢

= Displacement of the particle at O
at a time x / v seconds earlier

= Displacement of the particle at O
at time (t - x / v).

Thus the displacement of the particle at P at any
time f can be obtained by replacing t by (t — x / v)in the
equation (1). It is given by

y(x, F)= Asin m(t—£)=Asin[mt—9x)
v [

But —=——=—=k
v v A

The quantity k =2n/ A is called angular wave number
or propagation constant. Hence

y(x, t)= Asin (ot — kx) -(2)

This equation represents a harmonic wave
travelling along the positive direction of the X-axis. It
can also be written in the following forms :

. (2m 2m
,H)=A —t-=
y(x,t) sm[T Ax)

' . t x
,H=Asin2n| —-= (3
or y(x, t) sin K(T l) 3)
=Asm2—n(t—£T)
T

But £=v
T
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y(x, )= Asin 2_1:(' —EJ o (4)
T v
2n( A
Also y(x, f)= Asin == —f—.J
y(x, 1) i K(T x
. 2T
or y(x, )= Asin 3 (vt —x) «~{(5)

Equations (2), (3), (4) and (5) are the various forms of
plane progressive wave. If the initial phase of the particle
at Ois ¢, then the equation of wave motion will be

Displacement Phase

Amplitude

yix, b = A sin(wt — kx + ¢)

Angular I
frequency
Time niitial
phase
Angular wave angle
number
Position

R ST IR ST AL OO Ve e
Fig. 15.9

A harmonic wave travelling along negative direction
of X-axis can be written as

y(x, t)= Asin(of + kx + ¢,)

15.10 PHASE AND PHASE DIFFERENCE

14. What do you mean by phase of a wave ? Discuss
the phase change with time and position.

Phase of a wave. The phase of a harmonic wave is a
quantity that gives complete information of the wave at any
time and at any position. It is equal to the argument of
the sine or cosine function representing the wave.
Suppose a harmonic wave is given by

y(x, t)= Asin (ot —kx + ¢,) (1)
Then the phase of the wave at position x and time ¢
is given by

b= ot —kx + ¢, -(2)
Clearly, the phase of a wave is periodic both in time
and space. At a given point (x = constant), the phase
changes with time t and at a given instant (¢ = constant),

it changes with distance x.

Phase change with time. Taking x as constant, if we
differentiate equation (2) w.r.t,, time ¢, we get

Ap
=
Thus the phase change at a given position
(x = constant) in time At is given by
Ab=wAl =2 At
T

Hence we can define the time period of a wave as the time
in which the phase of a particle of the medium changes by 2.

Phase change with position. Taking t as constant,
if we differentiate equation (2) w.r.t. position x, we get
A _
Ax
Thus the phase difference, at any instant of time ¢,
between two particles separated by distance Ax js
given by
2m
A¢ =—kAx =-— _l— Ax

Hence we can define the wavelength of a wave as the
distance between two points (or particles) which have g
phase difference of 2n at any given instant. The negative
sign indicates that farther the particle is located from
the origin in the positive X-direction, the more it lags
behind in phase.

15.11 = PARTICLE VELOCITY AND
ACCELERATION

15. For a simple harmonic wave, deduce expressions
for (a) particle velocity and (b) particle acceleration.
Discuss their phase relationship with displacement.

(a) Particle velocity. The particle velocity V is
different from the wave velocity v. It is the velocity with
which the particles of the medium vibrate about their mean
positions.

The displacement relation for a harmonic wave
travelling along positive X-direction is

¥ (x,t)= Asin (ot - kx) (1)

Differentiating (1) w.r.t. time f, and taking x
constant, we get the particle velocity

-2)
-3

d
V= d_!: = A cos (ot — kx)

or V = 0Asin [(ot —kx) + /2]

It may be noted that

(i) While the wave velocity (v=vA) remains

constant, the particle velocity changes simple
harmonically with time.

(if) The particle velocity is ahead of displacement in
phase by n/2 radian.

(1if) The maximum particle velocity or the velocity
amplitude is

Vo':(DA:EEA
T

2n .
=T times the displacement amplitude A

(iv) If we differentiate equation (1) w.r.t. position %,
we get

dy
i =—kA cos (ot — kx) «(4)
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From equations (2) and (4), we get

v A cos (of - kx)
dy/dv  —kA cos (ot —kx)
v ;
S L V:—E'LLU.
k 2n/ A dx

. Particle velocity at a point = - Wave velocity
x slope of displacement curve at that point.

(b) Particle acceleration. If we differentiate equation
(2) with respect to time t, we get the particle acceleration
dv
a="—=-w’Asin (ot —kx) =~ m?'_l/
or a =@ A sin [(of —kx) + 7]
It may be noted that

(/) The maximum value of particle acceleration or
the acceleration amplitude is

a, = @ A=(2_—n] A
T

5
2ny . . .
= (?) times the displacement amplitude.

(if) The particle acceleration is ahead of the particle
displacement in phase by n radian.

15.12 SPEED OF A TRAVELLING WAVE

16. Define wave velocity or phase velocity. Deduce its
relation with angular frequency « and propagation
constant k.

Wave velocity or phase velocity. The distmice covered
by a wave in the direction of its propagation per unit time is
called the wave velocity. It represents the velocity with
which a disturbance is transferred from one particle to
the next with the actual motion of the particles.

¥ ﬁt Ax
u—
/ % /7.
WaveM

ave at [ = At
Fig. 15.10 Plot of a harmonic wave att=0
and t = AL.

Fig. 15.10 shows two plots of the harmonic wave
y = Asin (of —kx) at two different instants of time !
and t + AL During the small time interval A, the entire
wave pattern moves through distance Ax in the
positive X-direction. As the wave moves, each point of
the moving waveform, such as point P marked on the
peak retains its displacement . This is possible only
when the phase of the wave remains constant.

[

ol — kx = conslant.

Differentiating both sides w.r.t,, time t, we get

o —k df\ =0 or g_i'x _w
di drk
7
But — =wave velocily, v
T © "
i’=2)=&:v1l [ m=2—15,k:zf
kT A

Examples based on

FormuLae UsED

1. A plane progressive harmonic wave travelling
along positive direction of X-axis can be represen-
ted by any of the following expressions :

() y= Asin (ot —=kx), k= 2/ A

¥ ! by
My=Asn2n| ———
(i y=Asin2n (£ -]

(1if) y= Asin 2—: (vt - x)
where A is the wavelength, vis the velocity, A the

amplitude and x is the distance of observation
point from the origin.

2. Fora progressive wave travelling along —ve X-axis,
y= Asin (o + kx)

or 1j=AsinZn(L+l—-):Asin2—n(vf+x)
’ T A A
3. Phase ¢—2n[t——£)+¢h
' ' T A '

where ¢, is the initial phase.
)
4. Phase change with time, Ad = "—_;_T At

- 2
5. Phase change with position, A¢=- —E Ax

6. Instantaneous particle velocity

dy 2mA (f x)
H=—= cos2n| ———
dt T T X

2n A

Velocity amplitude, 1, = =wA

7. Instantaneous particle acceleration
2
. . tx
:iu: -4—1:— Asin 2n(— ;;) =—-mly
dt T T A

2

. : .4
Acceleration amplitude, f, = _;r:

A=w® A

Units Usep

Displacement y and amplitude A have same units
m or cm. If Aand x are in m, wave velocity vis iln
ms . Propagation constantk = 2/ Aisinrad m~ .
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Exayrrr 20. The displacement y of a particle in a medium
can be expressed as
y =10"°sin (100 f +20x + n/4)

where tis in second and x in metre. What is the speed of the
wave ? [AIEEE 04]

Solution. We compare the given wave equation
with the standard wave equation,

y = Asin (ot + kx + ¢)

Weget ©=100rads™! and k=20 rad m™’
Speed of the wave,
0=2_100 20 ms?
k20

Lxamperr: 21. A harmonically moving transverse wave on a
strmg has a maximum particle velocity and acceleration of
3ms™ ' and 90 ms™? respectively. Velocity of the wave is
20 ms™ . Find the waveform. [TIT 05]

=wA=3ms™ !

Solution. Here U ax
a__ =@*A=90ms 2

max
Velocity of the wave,

vzc—n:.?ﬂ ms~ !
k

2 42 2
Clearly, A=m2A =@—)—=O.1m
oA 90
2
w=w—é @ =30rad s}
wA 3
o 30
SILESW W
ok 220 - o radm-

The equation for the waveform is
y = Asin (ot + kx)=0.1sin (30 + 1.5x).

EXAMPLE 22. A wave travelling along a string is described

by
¥ (x, t)=0.005 sin (80.0 x -3.0 ¢),

in which the numerical constants are in SI units
(0.005 m,80.0 rad m™ ', and 3.0 rad s~ !). Calculate (a) the
amplitude, (b) the wavelength, and (c) the period and
frequency of the wave. Also calculate the displacement y of

the wave at a distance x =30.0 cin and time t =20 s,
[NCERT ; Central Schools 05]

Solution. Given y(x, t) =0.005 sin (80.0 x —3.0 ¢)

The displacement equation for a harmonic wave is

a 2n 2n
,H=A —x-—-=—t
y(I ) sm[ X )

On comparing the above two equations, we get
=80.0 rad m™

A =0.005 m, , 1 2% 3 0rads L.
1 T

(7) Amplitude, A =0.005 m.
(b) Wavelength,
27 rad

— — -2 _
= m =7.85x10 m =7.85 cm.

(c) Time period,

27 rad
= _209s.
3.0rads
Frequency,
vt =1 W 4g 1y
T 209s

Displacement of the wave at a distance x =30.0 cm
and time t =20 s,

¥ =(0.005 m) sin (80.0 x 0.3 —3.0 x 20)
=(0.005 m) sin (- 36 rad) =zero.
Lxamrre 23, The equation of a plane progressive wave is
y=10sin2n(t -0.005 x)

where y and x are in cm and t in seconds. Calculate the

amplitude, frequency, wavelength and velocity of the wave.
[Delhi 99]

Solution. Given : y =10 sin 2 ( —0.005 x) (1)

The standard equation for a harmonic wave is

; t x
=Asin2n| —-= (2
Y sin n(T A) | 2)
- Comparing equations (1) and (2), we get

a=10, 2-1, L_o005
T A

(/) Amplitude, A=10 cm.
[y and A have same units]

1

(i) Frequency, v=—=1Haz.

~

1 -
Wavelength, A = —— =200 cm.
(111) Waveleng 0005

[x and A have same umts]

(rv) Velocity, v=vA=1x200=200 cm s~
Example 24. A wave travelling along a string is described
by equation y(x,t)=0.05sin(40x—5¢t) in which the
numerical constants are in SI units (0.05 m, 40 rad m™ and
5 rad s™). Calculate the displacement at distance 35 cm and
time 10 sec. [Delhi 08]

Solution. Given :

y(x,t) =005sin(40x - 5t)
We compare with the standard equation,

2nx 27wt
A —_— |
y(x t)= Sm( T )
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A=0.05m, 2—: =40 rad m™!

2n - 5rad s~}
T

(@) Amplitude, A'=0.05m,

(b) Wavelength, A= Lad_] ="m=157 cm.
40radm 20

(c) Time period, T = =4 _ 2T _1 26 cm,
Srads™ 5
1 5

(d) Frequency, v=—=—=0.8 Hz.
T 2n

Atx =35cm=035mand { =10s, the displacement
is
y =005s5in(40x0.35-5%10)
=005sin(-36) m =-0.05sin36 m.
Example 25. Awave travelling along a string is given by
y(x, t)=0.005 sin (80x -3¢)

where the nymerical values are in SI units. Symbols have
their usual meanings. Calculate :

(a) Frequency of the wave. (b) Velocity of the wave.
(c) Amplitude of particle velocity.

[Central Schools 08, 09]
Solution. Given : y(x,f)=0005sin(80x -3t)
2nx 2mt
Also, y(x,t Asm(——“]
o y(x,t)= T
A=0.005m,
1 = 80 rad m"l,
A
an =3rads™h.
1 3
(@) Frequency, v=—=—=0.48 Hz.
T 2n
2n
byA=—m
(b) 80
Wave velocity,
v=\.r?L=i><:-2—n—i 1=75cms™!
2n 80 80
(c) Amplitude of particle velocity

Z%A 3x0.005 = 0,015 ms ™"

ExamrLr 26. A displacement wave is represented by
y =0.25 x 10~ 2 sin (500 t —0.025 x)

where y, t and x are in cm, sec and metres respectively.
Deduce (i) amplitude (ii) period (iii) angular frequency, and
(iv) wavelength. Also deduce the amplitude of particle
velocity and particle acceleration. |

[Delhi 03C]

Solution. Given :
y=0.25x10"" sin (500t —0.025x)
Comparing it with standard equation :

; t
y= AS]HZH(? —%J,we get

(1) Amplitude,

A=0.25x10"2 cm
2n L

i 2T
i) — =500 or T=—=—=0.01257s.
) 7 500 250 4
(i) Angular frequency,
_2n 2% 250 =500 rad s”
T
(iv) -2% ~0025 ot A=—2E —2512m.

0.025
(v) Velocity amplitude
=0 A=500x025x10""=0.125 cm s~ ',
(vi) Acceleration amplitude
=’ A=(500)>x025x 10" =62.5 cm s~ 2.

Exanrie 27. The speed of a wave in a stretched string is
20 ms™! and its frequency is 50 Hz. Calculate the phase

difference in radian between two points situated at a distance
of 10 cmon the string.-

1 v=50Hz Ax=10cm

U220 04 m =40 em
50

Solution. Here v = 20-1{1'};"
Wavelength, A=
v

2n

Phase difference, A¢p=— T Ar=="x10="rad.
J\ 40 2

Examrrr 28. Write the equation of a progressive wave

propagating along the positive x-direction, whose ampIztude

is 5 cm, frequency 250 Hz and velocity 500 ms™
Solution. Here A=5cm=0.05m, v=250Hz,

v=500ms"!

Wavelength, A = 2" com,
v 250
Period, Peta 1 s
v 250

The equation for the given wave can be written as
y= Astn(———) 0.05 stn[ZSDt——J
T A 2

or y = 0.05 sin © (500 t — x) metre.

ExamrLre: 29. For the plane wave
y =2.5x10" %9 o5 (800¢ —0.82x + 1/2),
write down

(1) the general expression for phase ¢
(if) the phase at x =0, t =0
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(ifi) the phase difference between the points separated by
20 cmalong x-axis,

(iv) the change in phase at a given place 0.6 milli second
and

(v) the amplitude at v =100 m,
Take wnits of y, t, x as 10” > em, s and m respectively,

Solution. (/) Phase, ¢ = 800¢ - 0.82x + g .

(i) At x=0, =0, ¢=n/2rad.
(iif) Here Ax =20 cm =0.20 m. Therefore
Ap=-0.82 Ax =-0.82 x 0.20 = - 0.164 rad.
(7v) Here At =0.6 ms =0.6x 10" * s. Therefore,
Ad =800 At =800 x 0.6 x 10™ > = 0.48 rad.
(v) At x =100 m, the amplitude is
A =2.5 % ]0— 0.02 x
:2 5 % 10— 0.02 x 100 X ]0— 5 cm
=0.025x 10" ° em.
[~ unit of Ais10™° em as that of y]
LxAneir 3o. A simple harmonic wave train of amplitude
T .em and frequency 100 wvibrations is travelling in positive
x-direction with velocity 15 ms™'. Calculate the displace-
ment y, the particle velocity and particle acceleration at
x =180 cm from the origin at t =5 s,
Solution. Let the displacement of the wave be
given by

2
y= Asin 2—: (vt —x)= Asin ki (vt —x)
v

2]

But A=1cm, v=100Hz,
v=15ms" ! =1500 cm s 1

1':180cm, t=5s

213100 100y 5 ~180)
500

= sin %x 7320 =sin 27t x 4800 = 0.

y=1sin

Particle velocity,
dy 2n
U=—=2n Avcos — (vf —
dt 3 (=X
As calculated above,
sin 2{(11! -x)=0 at x=180cm and t=5s

cosg(vf—x):l
A

. Particle velocity,
H=2n Av=2nx1x100 =200m cm s .

Particle acceleration,

LAt ot
f=-—gy=0. b

.

y=0]

ENAvriL g0 A certain spring has a linear mass density of
0.25 kg ™" and is stretched with a tension of 25 N. One
end is given a sinusoidal motion with frequency 5 Hz and
amplitude 0.01 ne At time 1 =0, the other end has zero
displacement and is moving in the positive y-direction.
(1) Find the wave speed, amplitude, angular Srequency,
period, wavelength and wave number.
(i) Write a wave finction representing the wave.
(iii) Find the position of the point at ¥ =0.25 mat time
t=0.1s.

Solution. Here 11=0.25 kg m !

7

Tension T=25N, v=5Hz, A=001m
, IT [25 -
1) Wave speed, v=_/- = | = =10 ms
1) €SP Vm \j().25
Amplitude, A=0.01m

Angular frequency,

w=2nv=2x314x5=314rads L.
1 1

Time period, T=-=—=02s.
v 5
Wavelength, =" :? =2 m.
v
2 x 3,
Wave number, k = %_n: il =314m L
A

(i7) The given wave can be represented by the wave
function,

y= AsinZn(t—f)
T %

-

=0.01 sinZZrc(L —'—)
02 2

=0.01 sin (107 ¢ — nx)
= 0.01sin (31.4f - 3.14 x).
(1)) At x=0.25 m and t =0.1s, the displacement is

y=0.01 siﬁ 21’[(E - O—EJ

; 02 2
=0.01sin 2 (0.5 -0.125)
=0.01 sin (0.75x) =0.01 sin 135°
=0.01x 0.707 = 0.00707 m.

& PROBLEMS FOR PRACTICE

1. A wave on a string is described by
y(x,1)=0.005sin (628 x —314t), in which all
quantities are in Sl units. Calculate its (i) amplitude
and (if) wavelength. [Central Schools 03]

[Ans. (1) 0.005 m (i7) 1 m]
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10.

The equation of a transverse wave travelling along
a coil spring is  y=4.0sin m(0.010x -2.01)
where y and x are in em and t in s. Find the
(1) amplitude (i7) wavelength (i) initial phase at
the origin  (i©) speed and (u) frequency on the
wave, [Ans. () 4.0 %107 % m (i) 2.0 m (iii) 0
(iv) 20ms ' (0) 1.0s ']
The equation of transverse wave travelling in a
rope is given by iy =10sin 7 (0.01x - 2.00¢)
where yand x are in cm and | in seconds. Find the
amplitude, frequency, velocity and wavelength of
the wave. [Delhi 97]
(Ans. 10 cm, 1Hz, 200em s ', 200 cm)

A simple harmonic wave is expressed by equation,

y=7x10 * sin (800 nl — —— x)
> 425

where yand x are in em and t in seconds. Calculate
the following : (i) amplitude (if) frequency (iii) wave
length (iv) wave velocity, and (v) phase difference
between two particles separated by 17.0 cm.

[Delhi 05]
For a travelling harmonic wave,

y=2.0cos (10f - 0.0080 x + 0.18)
where x and yare in cm and f is in seconds. What is

the phase difference between two points separated
by (/) a distance of 0.5 m and (ii) a time gap of 0.5s ?

[Ans. (i) - 0.4 rad (ii) 5 rad]

Find the displacement of an air particle 3.5 m from
the origin of disturbance att = 0.05s, when a wave
of amplitude 0.2 mm and frequency 500 Hz travels
along it with a velocity 350 ms ' (Ans. 0)

A simple harmonic wave-train is travelling in a gas
in the positive direction of the X-axis. Its amplltude
is 2 cm, velocity 45ms ' and frequency 755"
Write down the equation of the wave. Find the
displacement of the particle of the medium at a
distance of 135 cm from the origin in the direction
of the wave at the instant t =3 s.

[Ans. y = 2sin 21:[751 —iJ , —2cm]
i 60

The phase difference between the vibrations of two
medium particles due to the transmission of a wave
is 2n/3 The distance between the particles is
15 em. Determine the wavelength of the wave.
(Ans. 45 cm)
The distance belween two points on a strelched
string is 20 cm. The frequency of the progresq:ve
wave is 400 Hz and velocity 100 ms™ ', Find the
phase difference between these two points.
(Ans. 1.6 m or 288°)

A sound-source of frequency 500 Hz is producing
longitudinal waves in a spring. The distance

. Given

between two consecutive rarefractions is 24 cm. If
the amplitude of vibration of a particle of the spring
is 3.0 cm and the wave is travelling in the negative
r-direction, then write the equation for the wave.
Assume thal the source is at x = 0 and at this point
the displacement is zero at the time t = (.

[Ans. y=3.0sin 2 (251 + x / 24)]

= HINTS
1. Comparing y=0.005sin (6.28 x — 314 t)

and y= Asin [2%[ X - 2—;!) , we get A =0.005 m.

2x3.14
or A=——= =
6.28 6.28

. We compare the given equation with

y= Asm(-?ﬂr—E )
T A

() A=7x10"°

e D

(i) ?n———BOOn =%—400Hz

s 2T s

i) —=——r0 =2x425=8 .
W) =15 g > m
(iv) v=vL=400x85=34000cm s~ ' =340 ms’

2n 21
v) Ap=— Ax =
@Rge A 85cm

x17.0cm = —251 rad.

: y=2.0cos (10t - 0.0080 x + 0.18)
Comparing with y = A cos (g;[_—t 2R X+ %J

we get,

2n

A=20cm, = =10s"", 2% 0.0080 cm ™!
T A

(/) Here Ax = 0.5 m = 50 cm. The phase difference is
A¢~—3;m'-—00080 x 50 = — 0.4 rad.
(1) Here At = 0.5s. The phase difference is

Acb:z—; At =10 x0.5=5 rad.

. Let y= Asm[z—t—z—ﬂx}
T A
1 1
But A=02mm, T=—-=—s5,
v 500
v 350 7
=—=——=—m
v 500 10

y=0.2sin| 1000 n !—:(;—TET]

At x=35m and t =0.05s,

iy =0.2sin | 1000x x 0.05 - 2—275 3.5}

L

=0.2sin (50n — 10r) = 0.2 sin (40m) = 0.
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7. Here T=—1:is A=E=£=0.6m=60cm,
v 75 v 75
A=2cm
, rox
|/=/151t12n(———)
) T A
=2sin2n(7sr-iJ
60
At t=3s and x=135cm,
¥ = 2sin 2m (225 - 2.25)
= 2sin (450n — 4.57)
= 2sin (- 4.57)
=—25in(4.5n)=—2sin(4rr+rt/2)
=-2sinnt/2=-2cm.
8 A¢=3Ax 3’3=Hx15 or A=45cm.

3 A

o s, £x

15.13  BOUNDARY EFFECTS

17. Explain the phenomenon of reflection of waves
by considering a wave pulse travelling along a string,
whose one end is (i) fixed to a rigid support and (ii) tied
to a ring which can freely slide up and down a vertical
rod. What are the phase changes in each case ?

Reflection of a wave from a rigid boundary. As
shown in Fig. 15.11, consider a wave pulse travelling
along a string (rarer medium) attached to a rigid
support, such as a wall (denser medium). As the pulse
reaches the wall, it exerts an upward force on the wall.
By Newton’s third law, the wall exerts an equal down-
ward force on the string. This produces a reflected
pulse in the downward direction, which travels in the
reverse direction. Thus a crest is reflected as a trough.

——

/\

N\
/]

A4

—

Fig. 15.11 Reflection of a pulse in a string from
a rigid support.

Hence when a travelling wave is reflected from a rigid
boundary, it is reflected back with a phase reversal or phase
difference of m radians.

—_—

Reflection of a wave from an open boundary. As
shown in Fig. 15.12, consider a wave pulse travelling
along a string attached to a light ring, which slides
without friction up and down a vertical rod. As the
crest produced in the string at A reaches the end B it
meets little or no opposition there. The ring rises above
its equilibrium position. As the ring moves up, it
stretches the string and produces a reflected crest
which travels back towards A. There is no phase
reversal and crest is reflected as a crest.

Rod

—_—

Light ring

Fig. 15.12 Reflection of a wave pulse on a string
from a free boundary.

Hence when a travelling wave is reflected from a free or
open boundary, it suffers no phase change.

Suppose an incident wave is represented by
Y;(x, ) = Asin (ot - kx)

For reflection at a rigid boundary, the reflected wave
can be represented as

Y, (x, 1) =~ Asin (ot + kx)
[Signs of both y and x change]

For reflection at an open boundary, the reflected wave
can be represented as

Y, (x,t)= Asin (ot + kx)
[Only sign of x changes]
Obviously, in case of reflection from a rigid
boundary, the incident and reflected pulses meet in
opposite phases at the end point and so cancel each

other. Hence a node is formed at the boundary i.e., the
net displacement is zero.

In case of reflection from an open boundary, the
incident and reflected pulses meet in same phase at the
end point and reinforce (or get added to) each other.
Hence an antinode is formed at the boundary i.e., the
displacement is maximum and is twice the amplitude
of the either pulse.

17. Considering the wave pulses travelling on stretched
strings, discuss the phase change during the refraction
of a wave.

Refraction of a wave. Consider a combination of a
thinner string A and a thicker string B kept under
same tension. As v=yT/m, so a wavepulse travels
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faster on a thin string than that on a thick string i.c., the
thinner string A acts as rarer medium while the thicker
string Bacts as denser medium.

As shown in Fig. 15.13(a), when a wave pulse
travels from thinner string to the thicker string, it is
partly reflected and partly refracted at the interface.
The reflected pulse travels faster while the refracted
pulse travels slower. Also, the reflected pulse suffers a
phase change of 180° while the refracted pulse does not
suffer any phase change.

A /\ B
- (a)
A 7\ B
4
B/ \ A
— — (b)
B /\_ /\ A

T eg o1l

Fig. 15.13 Reflection and refraction of a pulse (a) when
the second string is denser than the first and (b) when
the second string is lighter than the first.

As shown in Fig. 15.13(b), when a pulse of crest
travels from the thicker to the thinner string, both the
transmitted and reflected pulses travel as crest i.e., they
do not suffer any phase change.

Hence a wave suffers no phase change during its
refraction from one medium to another.

a\ [f a wave coming in a med
larger meets a medium where its velocity is smaller, it
is reflected back with a reversal of phase or a phase
change of = radians.

A\ If the wave initially comes from a medium where its
velocity is smaller, the reflected wave does not suffer
any phase change. '

A\ The incident and reflected waves obey the usual laws
of reflection. The frequency, wavelength and velocity
of the reflected wave are same as those of incident wave.

A\ The wave transmitted into the second medium always
goes without any change in phase.

A The incident and refracted rays obey the Snell’s law of
refraction.

A The wave velocity and wavelength of the refracted
wave are different from those of the incident wave but
their frequencies are equal. Hence v = G %

A‘t' ‘;"r

Here the subscripts i and r stand for the incident and

the refracted waves respectively.

15.14 PRINCIPLE OF SUPERPOSITION

OF WAVES

19. What is meant by the independent behaviour of
waves ?

Independent behaviour of waves. A wave
preserves its individuality while travelling through
space. So when a number of waves travel through a region
at the same time, each wave travels independently of the
others i.c., as if all other waves were absent. That is why,
with so many different musical instruments playing
simultaneously in a full orchestra, we can still identify
the note produced by an individual instrument. An
important consequence of the independent behaviour
of the waves is the principle of superposition of waves.

20. State and explain the principle of superposition
of waves.

Principle of superposition of waves. When one
wave reaches a particle of the medium, the particle
suffers one displacement. When two waves simul-
taneously cross this particle, it suffers two displace-
ments, one due to each wave. The resultant displacement
of the particle is equal to the algebraic sum of the individual
displacements given to it by the two waves. This is the
principle of superposition of waves.

The principle of superposition of waves states that when
a number of waves travel through a medium simultaneously,
the resultant displacement of any particle of the medium at
any given time is equal to the algebraic sum of the
displacements due to the individual waves.

If yy, Y5, Y3, -y, are the displacements due to
waves acting separately, then according to the
principle of superposition the resultant displacement,
when all the waves act together is given by the
algebraic sum

|
=
)
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|
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+
ene
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=
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+
=™ .
i
(=]
o=
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R

vizl.lf,.(vt—x)

Explanation of the superposition principle.
(i) Superposition of two identical pulses travelling
towards each other. Fig. 15.14 shows two pulses
moving towards each other with a speed of ims™ 1
The positions of the two pulses after every one second
are shown in Figs. 15.14(a) to (f). They cross each other
between ¢ =2s and t =3s. When the two pulses overlap
or superpose, the displacement of the resultant pulse is
twice the displacement of either pulse i.e., equal to the
sum of the displacements of the two pulses. This is the

case of constructive interference.
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1
— 1 ms

|

SN,
0 1 23 4 5 6 7
/N

1 ms —-

I=0s—

N\

i il

Fig. 15.14 Superposition of two identical pulses
travelling in opposite directions.

G

s

(i1) Superposition of two pulses of equal and
opposite shapes moving towards each other. Fig. 15.15
shows what happens when two equal and opposite
pulses moving in opposite directions cross each other.
In Fig. 15.15(c), we see that there is an instant when the
string appears undisturbed. In this situation the
positive pulse overlaps the negative pulse and seem to
cancel each other. This is the case of destructive
interference. This again shows that the resultant wave
profile is the algebraic sum of individual waves.

t=1s (b)
PRI
7 \

t=2s v - (c)
\ /
\‘I

t=3s (d)

t=4s

N4 !

—

Fig. 15.15 Superposition of two equal and opposite
pulses travelling in opposite directions.

Clearly, the two pulses continue to retain their
individual shapes after crossing each other. However,
at the instant they cross each other, the appearance of

the wave profile is different from the shape of either
individual pulse.

The superposition of hoo waves may lead to
following three different effects

(i) When two waves of the same frequency moving
with the same speed in the same direction in a
medium superpose on each other, they give rise
to effect called interference of waves.

When two waves of same frequency moving
with the same speed in the opposite directions
in a medium superpose on each other, they
produce stationary waves.

When two waves of slightly different frequen-
cies moving with the same speed in the same

direction in a medium superpose on each other,
they produce beats.

(iif)

4\ The principle of superposition holds not only for the
mechanical waves but also for electromagnetic waves.

A\ In case of mechanical waves, the superposition
principle does not hold if the amplitude of disturbance
is so large that the ordinary linear laws of mechanical
action no longer hold good. For example, the
superposition principle fails in case of shock waves
generated by a violent explosion.

15.15 STATIONARY WAVES

21. What are stationary waves ? What is the
necessary condition for the formation of stationary
waves ? What are the two types of stationary waves ?

Stationary waves. When two identical waves of same
amplitude and frequency travelling in opposite directions
with the same speed along the same path superpose each
other, the resultant wave does not travel in the either
direction and is called stationary or standing wave.

The resultant wave keeps on repeating itself in the
same fixed position. Some particles of the medium
remain permanently at rest ie, they have zero
displacement. Their positions are called nodes. Some
other particles always suffer maximum displacement.
Their positions are called antinodes. The positions of
nodes and antinodes do not change with time. That is
why, such waves are called stationary or standing waves,
to distinguish them from progressive or travelling waves
which travel through the medium with a definite
speed v. In such waves, there is no transfer of energy
along the medium in either direction.
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Necessary condition for the formation of stationary
waves. A stationary wave cannot be formed from two
independent waves travelling in a medium in opposite
directions. In actual practice a stationary wave is
produced when a progressive wave and its reflected
wave are superposed. Hence a stationary wave can be
produced only in a finite medinm which has its boundaries,
for example, a string of finite length or a rod, or a
column of liquid or gas. The wave reflected from the
boundary is of the same kind as the incident wave. The
incident and reflected waves superpose each other
continuously, giving rise to stationary waves.

Two types of stationary waves :

(1) Transverse stationary waves. When two identical
transverse waves travelling in opposite directions
overlap, a transverse stationary wave is formed. For
example, transverse stationary waves-are formed
in a sonometer and Melde’s experiment.
Longitudinal stationary waves. When two identical
longitudinal waves travelling in opposite directions
overlap, a longitudinal stationary wave is formed.
For example, longitudinal stationary waves are
formed in a resonance apparatus, organ pipes
and Kundt's tube.

(i)

15.16 GRAPHICAL TREATMENT OF
STATIONARY WAVES

22. Explain graphically the formation of stationary
waves and mark out clearly the positions of nodes and
antinodes.

Formation of stationary waves by graphical
method. In Fig. 15.16, the full line curve represents a
harmonic wave of time period T and wavelength A
travelling from left to right while the dashed curve
represents an identical wave travelling from right to
left. The resultant wave is obtained by taking the
algebraic sum of the displacements of the two waves at
every point and is shown by the thick line curve. The
situations at different intervals of time are shown in
Figs. 15.16(i) to (v).

(i) At t = 0, the two waves are in same phase i.e., the

crests and troughs of the two waves coincide
respectively with each other. The amplitude of the
resultant wave is twice of that due to each individual
wave. All particles are at their positions of maximum
displacement [Fig. 15.16(i)].

(ii) At t =T / 4, each wave has advanced through a

distance of A /4 from the opposite direction. The two
waves are in opposite phases. The resultant wave is the
central straight line. All the particles of the medium are
now passing through their mean positions
[Fig. 15.16(i1)).

N\ N
Q Y 2 — X
y
2A0 - y=¥i+
" 4‘_-.\ f--‘-\
Ht=0 0O > y
\—‘/ \-—4
P /’"
7 X
\..__,’

-~

A A

A{«l M2O3W4 A 5M4 32 T4 24
[ I Y T B
N, A, N, A, N, A, N, A, N,

@)t=T

Fig. 15.16 Formation of stationary waves
by graphical method.

(i1i) At t =T / 2, each wave has advanced through a

distance of A/2 from the opposite direction. The two
waves are again in same phase. The resultant wave is
reciprocal of that at t =0. All the particles are at their
positions of maximum displacement but in the
directions apposite to those at t =0 [Fig. 15.16(iii)].

(iv) At t = 3T / 4, each wave has advanced through

a distance of 3A/4 from the opposite direction. The
two waves are again in opposite phases. The resultant
wave is the central straight line. All the particles are
again passing through their mean positions, but their
directions of motion are opposite to those at t=T/4
[Fig. 15.16(iv)].

(v) At t=T, each wave has advanced through a

distance A from opposite direction. The two waves are
again in same phase. The resultant wave is similar to
that at t =0. This completes one cycle [Fig. 15.16(v)].
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The whole cycle continues to repeat again and
again. The various segments of the string, on which
stationary waves are formed, keep on vibrating up and
down. The positions N, N, Ny, .. Where the
amplitude of oscillation is zero are called nodes. The
positions A, A,, A,, where the amplitude of
oscillation is maximum are called antinodes. Clearly,
the separation between two successive nodes or

antinodes is A/2. The separation between a node and
the next antinode is 4./ 4.

15.17 © ANALYTICAL TREATMENT OF
STATIONARY WAVES

23. Obtain an expression for a stationary wave formed
by two sinusoidal waves travelling along the same path

In opposite directions and obtain the positions of nodes
and antinodas.

.....

Analytical treatment of stationary waves. Consider
two sinusoidal waves of equal amplitude and frequency
travelling along a long string in opposite directions.
The wave travelling along positive X-direction can be
represented as

Y, = Asin (of - kx)

The wave travelling along negative X-direction can

be represented as
Y, = Asin (ot + kx)
According to the principle of superposition, the
resultant wave is given by
Y=n+y,
= Asin (of - kx) + A sin (ot + kx)
=2 Asin ot cos kx
[ sin(A+ B)+sin(A - B)=2 sin A cos B

or ¥ =(2 A cos kx) sin ot

This equation represents a stationary wave. It
cannot represent a progressive wave because the
argument of any of its trigonometric functions does not
contain the combination (ot + kx). The stationary wave
has the same-angular frequency wbut has amplitude

A' =2 A cos kx
Obviously in case of a stationary wave, the
amplitude of oscillation is not same for all the particles.

It varies harmonically with the location x of the
particle.

Changes with position x. The amplitude will be
zero at points, where

cos kx =0

or kx=(n+%)n,wheren=0,1,2,3,

) 2mx ( I) [ 21:]
01 — =+ — |1 k=
A 2 A
A
F =2n+NHZ
or x =i 1 )4
o x=r 3 5L
4;4,4, .....

These positions of zero amplitude are called nodes.

Clearly, the separation between two consecutive nodes
is L/2.

The amplitude will have a maximum value of 2 A at
points, where

cos kx =+ 1
or kx =mm, where n=0,1,2,3,....

27 A

il = r x: —
or 5 X = o n2

Ao 3L
=0,—,A=, ...

or x 5 5

These positions of maximum amplitude are called
antinodes. Clearly) the srithriddes are separated by A /2

and are located half way behvéen pairs of odes.
Changes with time £ At the instants =0, T /2,
3T /2, ...., we have
2n

in of = sin — f =0
sin © T

Thus at these instants the displacement y becomes
zero at all the points. That is, all the particles of the
med* through their mean positions simultaneously

vi1e - tn each cycle.

At the instants t=T/4,3T/4, 5T/4,..,
we have
2n
T

Thus at these instants the displacement y is
maximum at all the points and becomes alternately
positive and negative. That is, all the particles of the

medium pass through their positions of maximum displace-
ments twice in each cycle.

15.18 ¥ CHARACTERISTICS OF
STATIONARY WAVES

24, Mention some of the important characteristics of
stationary waves.

sin of = sin t=+1

Characteristics of stationary waves :

() In a stationary wave, the disturbance does not
advance forward. The conditions of crests and
troughs merely appear and disappear in fixed
positions to be followed by opposite conditions
after every half the time period.
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(i)

(i)

(iv)

(®)

(vi)

(vii)

All particles of the medium, except those at
nodes, execute simple harmonic motions with
the same time period about their mean
positions. )

During the formation of a stationary wave, the
medium is broken into loops or segments
between equally spaced points called nodes
which remain permanently at rest and midway
between them are points called antinodes where
the displacement amplitude is maximum.

The distance between two successive nodes or
antinodes is A /2.

The amplitudes of the particles are different at
different points. The amplitude varies gradually
from zero at the nodes to the maximum at the
antinodes.

The maximum velocity is different at different
points. Its value is zero at the nodes and
progressively increases towards the antinode.
All the particles attain their maximum velocities
simultaneously when they pass through their
mean positions.

All the particles in a partic..or segment between
two nodes vibrate in the same phase but the
particles in two neighbouring -cgments vibrate
in opposite phases, as shown in Fig. 15.17.

Fig. 15.17 Opposite phases of particles in

(vii)

(i)

(*)

consecutive segments.

Twice in each cycle, the energy becomes
alternately wholly potential and wholly kinetic.
It is wholly kinetic when the particles are at
their positions of maximum displacements and
wholly kinetic when the particles pass through
their mean positions.

There is no transference of energy across any
section of the medium because no energy can
flow past a nodal point which remains
permanently at rest.

A stationary wave has the same wavelength
and time period as the two component waves.

15.19 COMPARISON BETWEEN STATIONARY

AND PROGRESSIVE WAVES

25. Give important differences between progressive
and stationary waves.

Progressive waves

Stationary waves

The disturbance travels
forward with a definite
velocity.

Each particle of the
medium executes SHM
about its mean position
with the same
amplitude.

There is a continuous
change of phase from
one particle to the
next.

No particle of the
medium is perma-
nently at rest.

There is no instant
when all the particles
are at the mean
positions together.

There is flow of energy
across every plane
along the direction of
propagation of the
wave.

The energy averaged
over a wavelength is

half kinetic and half
potential.

All the particles have
same maximum
velocity which they
attain while passing
their mean position
one after the other.

The disturbance
remains confined to
the region where it is
produced.

Except nodes, all
particles of the
medium execute SHM
with varying
amplitude.

All the particles
between two
successive nodes
vibrate in the same
phase, but the phase
reverses for particles
between next pair of
nodes.

The particles of the
medium at nodes are
permanently at rest.

Twice during each
cycle, all particles pass
through their mean
positions
simultaneously.

Energy of one region
remains confined in
that region.

Twice during each
cycle, the energy
becomes alternately
wholly potential and
wholly kinetic.

All the particles attain
their individual
maximum velocities at
the same time as they
pass through their
mean positions. This
velocity varies from
zero at nodes to
maximum at antinodes.

. ot
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_Examples based on
quation)of Stationary Wal

et R i3 A S D D iemly

FormuLAE ‘Useb‘v

1. Lety =asin 2n LL - 5) (incident wave)
: T A
Y, = £ asin 2n [L + l] (reflected wave)
e T A
Then stationary wave formed by the

superposition is given by
. + 20 cos 2 x i 2nt
&= =+ 20 cos — sin ——
Y=hn+h N T
It involves the product of separate harmonic
functions of time ¢t and position x.

2. For (+) sign in the above equation, antinodes are
formed at the positions x =0, 1/2, A, 31/2, ...
and nodes are formedat x = A /4, 3A/4, 5\/4,..

3. For(-)sign, antinodes are formed at the positions

x=Xx/4, 3L/4, 51/4,..and nodes at
x=0, A/2, &, 3n/2,..
4. The distance between two successive nodes or

antinodes is A/ 2 and that between a node and
nearest antinode is A / 4

. UNits Usep

Units of y and a are same cm or m, units of x and A
are same cm or m.

Examerr 32. The constituent waves of a stationary wave
have amplitude, frequency and velocity as 8 cm 30 Hz and
180 ams™ ' respectively. Write down the equation of the
stationary wave.

v=30 Hz,

v=180ems™!, T=1/v=1/30s
l=£ =E(—} =6 cm
v 30
Equation of stationary wave is

2nt

Solution. Here 4 =8 cm,

2nx .
y=2acosTsm

or y =16 cos %x sin 60 t.

EXAMPLE 33. Stationary waves are set up by the super-
position of two waves given by

Yy, =0.05 sin(5nt - x) and Y, =0.05sin(5nt + x)

where x and y are in metres and t in seconds. Find the
displacement of a particle situated at a distance x =1 m.

Solution. According to principle of superposition,
the resultant displacement is given by

Yy=¥y1+4¥,

=0.05 sin (57 t — x) + 0.05 sin (57 ¢ + x)
Sml —x+5nt 4+ x Sut+x -5t +x
5 cos 5

=0.05 x 2sin

=0.1 cos x sin 51 /
. Amplitude, A=0.1 cos x
Atx=1m, :
180° 180°

A=0.1cos1=0.1cos =0.1 cos

n
=0.1cos 57.3°=0.1 x 0.5402 = 0.054 m.

¥ PROBLEMS FOR PRACTICE

1. The distance between two consecutive nodes in a
stationary wave is 25 cm. If the speed of the wave is
300 ms !, calculate the frequency. (Ans. 600 Hz)

2. The equation of a longitudinal stationary wave
produced in a closed organ pipe is

y=6sin 2% cos 160 1t

where x, i are in em and ! in seconds. Find (i) the
frequency, amplitude and wavelength of the
original progressive wave (ii) separation between
two successive nodes and (iii) equation of the
original progressive wave.

[Ans. (i) v=80Hz, a=3cm, A=6cm
(i) 3 em (fﬁ)y=3sm[§x-1eont]]

3. (i) Write the equation of a wave identical to the

wave represented by the equation :
y=5sin n (40t -0.02 x)

but moving in opposite direction.
(1) Write the equation of stationary wave produced
by the composition of the above two waves and
determine the distance between two nearest nodes.
All the distances in the equation are in mm.

[Ans. (i) y=>5sin n (4.0t + 0.02 x)
(1) y =10cos 0.02 7w x sin 40 ¢, 50 mm]

15.20 -+ STATIONARY WAVES IN A STRING
FIXED AT BOTH ENDS

26. Give a qualitative discussion of the modes of
vibrations of a stretched string fixed at both the ends.

Normal modes of vibration of a stretched string :
Qualitative discussion. Consider a string clamped to
rigid supports at its ends. If the wire be plucked in the
middle, traverse waves travel along it and get reflected
from the ends. These identical waves travelling in
opposite directions give rise to stationary waves. Due
to boundary conditions, the string vibrates in one or
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more segments or loops with certain natural
frequencies. These special patterns are called normal
maodes.

| I - |
f . —
A
N N
A
A A
A A
A A A
N N N N
A A A
A A A A
N T3 A A 4 N
A A A A A
N N N~ —N
N v = - N
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NN N SN NSNS N
N A A A A A N

Fig. 15.18 Stationary waves in a stretched string fixed
at both ends. Various modes of vibration are shown.

Consider a string of length L, stretched under
tension T. Let m be the mass per unit length of string.
The speed of the transverse wave on the string will be

T
v=_|—
m

As the two ends of the string are fixed, they remain
at rest. So there is a node N at each end. The different
modes of vibration of stretched string fixed at both the
ends are shown in Fig. 15.18.

First mode of vibration. If the string is plucked in
the middle and released, it vibrates in one segment
with nodes at its ends and an antinode in the middle.

Here length of string,

A
L= ?1 or 7\.] =2L
Frequency of vibration,
v, = — o fE =v (say)

l7\._12Lm

This is the minimum frequency with which the
string can vibrate and is called fundamental note or first
harmonic

Second mode of vibration, If the string is pressed in
the middle and plucked at one-fourth length, then the

string vibrates in two segments.

A
L=2.?3 or A,=L

Frequency of vibration,

V1=1=1Jf=2\’
- 3\.2 LVm

This frequency is called first overtone or second
harmonic.

Here

Third mode of vibration. If string is pressed at
one-third of its length from one end and plucked at
one-sixth length, it will vibrate in three segments. Then

A
L=3 -2 or Ay = 25
2 3
Frequency of vibration,
Ay 2LVm

This frequency is called second overtone or third
harmonic. In general, if the string vibrates in p segments,
then

p [T
= |—=pv.
P 2LNm 7

27. Give an analytical treatment of stationary waves

in a stretched string.

v

- Analytical treatment of stationary waves in a
string fixed at both the ends. Consider a uniform
string of length L stretched by a tension T along the
x-axis, with its ends rigidly fixed at the end x =0 and
x = L Suppose a transverse wave produced in the string
travels along the string along positive x-direction and
gets reflected at the fixed end x = L. The two waves can
be represented as

Yy, = Asin (of —kx)
and

The negative sign before A is due to phase reversal
of the reflected wave at the fixed end. By the principle
of superposition, the resultant wave is given by

Y, == Asin (ot + kx)

Y=y, +y, =— Alsin (ot + kx) - sin (ot - kx)]
= -2 A cos of sin kx
[sin (A + B) —sin (A - B)=2 cos Asin B]
(1)

or y=-2 Asin kx cos wt
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If stationary waves are formed, then the ends x =0
and x = L must be nodes because they are kept fixed.
So, we have the boundary conditions :
y=0
y=0

at x =0 for all ¢

and atx=L forallt

The first boundary condition (y=0,x=0) is
satisfied automatically by equation (1). The second
boundary condition (y =0, x = L) will be satisfied if

¥ =-2 sin kL cos wf =0
This will be true for all values of t only if

sinkL=0 or kL=nn where n= 1,2,3,..
2nL '
or — =nn
A

For each value of 1, there is a corresponding value

of A, so we can write
2nL 2L

——=hnm or A =—

it n

The speed of transverse wave on a string of linear
mass density mis given by

T
v=|—
m

So the frequency of vibration of the string is
v _n |T

v = = —

", 2L\m

T

= —_— —_— =V
2L Vm

This is the lowest frequency with which the string
can vibrate and is called fundamental frequency or first
harmonic.

Forn=2, v2=2—ﬁ=2v
2L Vm

(First overtone or second harmonic)

i\/lgv
2LVm

(Second overtone or third harmonic)

For n=4, v4=2—4i Z=4\r
!

(Third overtone or fourth harmonic)

Forn=1, 2

(say)

Forn=3, vy =

Thus the various frequencies are in the ratio
1:2:3:.. and hence form a harmonic series. These
frequencies are called harmonics with the fundamental
itself as the first harmonic. The higher harmonic are
called overtones. Thus second harmonic is first
overtone, third harmonic is second overtone and so on.
These are shown in Fig. 15.18.

Nodes. Tliese are the positions of zero amplitude. In the
mode of vibration, there are (1 + 1)nodes, which are
located from one end at distances

”lh

Antinodes. These arc positions of maximum amplitude.
In the n'h mode of vibration, there are n antinodes,
which are located at distances
L 3L 5L
x — = e ——

(2n-1)L
2n'2n"2n’ '

2n

28. State the laws of vibrations of stretched strings.

Laws of transverse vibrations of a string. The
fundamental frequency produced in a stretched string
of length Lunder tension T and having mass per unit
length mis given by

1 |T

v=— [~

2LV m

The above equation gives the following laws of
vibrations of strings :

(i) Law of length. The fundamental frequency of a
vibrating string is inversely proportional to its length
provided its tension and mass per unit length remain the
same.

vol
L (T and m are constants)

(i) Law of tension. The fundamental frequency of a
vibrating string is proportional to the square root of its
tension provided its length and the mass per unit length
remain the same.

v T

(i) Law of mass. The fundamental frequency of a
vibrating string is inversely proportional to the square root
of its mass per unit length provided the length and tension
remain the same. .

(Land m are constants)

1

VX ——

Jm

If p is the density of the string and D its diameter,
then its mass per unit length will be

m= Volume of unit length x density
D2
()
1 [T
AN e ey
2L\nD"p /4

1T
LD \\np -

(Land T are constants)
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Hence the law of mass may be expressed in the
form of following two alternative laws :

(a) Law of diameter. The fundamental frequency of a
vibrating string is inversely proportional to its diameter
provided its tension, length and density remain the same.

1
\ o —

D

(b) Law of density. The fundamental frequency of a

vibrating string is inversely proportional to the square root

of its density provided its tension, length and dianieter
remain constant.,

(T, Land p are constants)

Vol ——

o

(T, Land D are constants)

FormuLae Usep
1. Fundamental frequency, v = L Sy .4
2L 2L Vm
2. When the stretched string vibrates in p loops,
= i —_—=
ETA P
3. For a string of diameter D and density p,
1 T
v=—o |[—
LD\ np
4. Law of length, vc1/ L or v L=constant
or v,L=v,L,
Units Usep
Tension T is in newton, linear mass density m in
N kg™, length L in metre, density p in kg m~>,
frequency v in Hz.

ExamrLe 34. A metal wire of linear mass density of
9.8 gm™ ' is stretched with a tension of 10 kg wt into between
two rigid supports 1 metre apart. The wire passes at its
middle point between the poles of a parmanent magnet and it
vibrates in resonance, when carrying an alternating current
of frequency v. Find the frequency of the alternating source.
[AIEEE 03]
Solution. Here m=9.8 gm'1 =9.8x10 3 kgm™’,
L=1m; T=10kgwt=10x9.8N=98N

Frequency of vibration of the string

v:lJf: 1 98 _3:50[—{2
2LYm 2x119.8x10

As the string vibrates in resonance, the frequency of
alternating current, n =50 Hz.

Lxanterr g5. Caleulate the fundamental frequency of a

sonometer wire of length =20 cm tension 25 N, cross-
sectional area=10"2 cn?z and density of the material of wire
=10" kg m™*,

Solution. Here L=20cm =020 m, T =25 N,
A=10"2em?=10""m? p=10"kg m~?

Mass pér unit length of the wire,

m=Ax1xp=10"°x10* kgm™’
=10"*kgm"~ !
Fundamental frequency of the sonometer wire is

V_L\/f-_lﬁ /_253_
20LVm 2x020 V102
50

=125 Hz.

~2x020

Exavpre: 36. The length of a sonometer wire is 0.75 mand

density9 x 10° kg n” 3_ It can bear a stress of8.1x 10° N / n?*
without exceeding the clastic limit. What is the fundamental
frequency that can be produced in the wire ? (11T 90]

Solution. Here L=0.75m, p=9x10’kg m~>,

Stress =8.1x 10° Nm™ 2

Let a be the area of cross-section of the wire, then
fundamental frequency,

V_J_ Z_i Stressxa_h}_ Stress
2LVm 2L\ ax1lxp 2L P
8
-1 B0 00 He

2x0.75\ 9x10°

ExampLi: 37. A stretched wire emits a fundamental note of
256 Hz. Keeping the stretching force constant and reducing
the.length of wire by 10 cm, the frequency becomes 320 Hz.
Calculate the original length of the wire.

Solution. Frequency of fundamental note,

1 T
v=— _[—
2L\m
In first case : 256 = 1T
2L\Nm
In second case : 320 = ——1—— \/i
2(L-10) \m

On dividing, we get

2__2L L 5
256 2 (L-10) L-10 4
or L=50 cm.

Examprr: 38. Find the fundamental note emitted by a
string of length 10 /10 cm under tension of 31.4 kg. Radius
of string is 0.55 mm and density =9.8 g cni” %
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Solution. Here L=10v10 em =0.1410 m,
T=314kgwt=314x98 N, r=0.5mm

or D=1mm=10"%m,
p=98gem " =9800 kg m™*
Fundamental note,
1 T
' LD \'er

) 1 (314598 _ -
0.110 x 1072 \/3.14 x 9800

Eaavirti 39. Arope 5 m long has a total mass of 245 g. It
is stretched with a constant tension of 1kg wt. If it is fixed
at one end and shaken by hand at the other end, what
frequency of shaking will make it break up into Hiree
vibrating segments ? Take ¢ =980 cms™ 2,

Solution. Here L=5m =500 cm,

T =1kg wt =1000 x 980 dyne, p=3

45 g
500 cm

When the rope vibrates in p segments, its frequency
of vibration is

nm= !

=049 gcm”

p T
v =L [—
P2l Vm

v. = 3 [1000 x 980 _ 4.24 Hz.
7 2x500 0.49

Exaviree 4o. Inan experiment it was found that the string
vibrated in three loops when 8 g were placed on the scale pan.
What mass must be placed on the pan to make the string
vibrate in six loops ? Neglect the mass of the string and the
scale pan.

Solution. Frequency of vibration of a string
vibrating in p loops is
_r T
2L Vm
As the quantities v, L and m remain constant, so
or T x p]2 =T, x pg

v

T x p2 = constant

2
or Tzzf‘};XT]
2]
Given: p =3, T =8g, p, =6
(3Y’
T:-!:ké) X8=Zg.

Lyvirie gi. A wire of length 108 em produces a
fundamental note of frequency 256 Hz, when stretched bya
weight of 1 kg. By how much its length should be increased
so that its pitch is raised by a major tone, if it is now

strelcied by a weight of 4 kg ?

Solution. [ first case.
v=256 Hz, L=108 cm, T =1x 1000 x 980 dyne
As = »J_ I

2LV m
1 \/1)( 1000 x 980

256 =
2 x108

(1)

m

[n second case. Major tone,
9 9

Vi=—v==1x256=288 Hz,
8 8
T =4 %1000 x 980 dyne

Let the length of the wire be increased by x cm. Its
new length will be

L=L+x=(108 + x) cm

Now V= i L
2L Vm
or 8= 1 4 x 1000 x 980 Q)
2 % (108 + x) \ m

Dividing (1) by (2), we get
256 _108+x 1

288 108 V&
§_108+x
9 216

On solving,x = 84 cm.

Exavivii g4z, The length of a wire between the two ends ofa
sonometer is 105 cm Where should the two bridges be placed
so that the fundamental frequencies of the three segments are
in the ratio of 1:3:15 ?

Solution. Total length of the wire,
L=105 cm
Viivyivy=1:3:15

Let [, L, and L, be the lengths of the three parts.

As vocl
L
11 1
L ==-:—:—=15:5:1
L‘ L L3 13 15
Sum of the ratios =15 + 5 + 1 =21

Q=§x105=75cm;

5
=—x105=25cm ;
L2 21

=lx105=5cm
21

Hence the bridges should be placed at 75 ¢m and
(75 + 25 =)100 cm from one end.
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Exanirrio gz The fundamental frequency of a sonometer
wire increases by 5 Hz if its tension is increased by 21%.
How will the frequency be affected if its length is increased
by 10% 7

Solution. Fundamental frequency,

2LV m

On increasing the tension by 21%, the new tension
becomes 1.21 T. Therefore,

(1)

ve5= L [12AT -(2)
2L m
Dividing (2) by (1), we get
VIS _A31=11 or v=50Hz

Vv
On increasing the length by 10%, the new frequency
becomes

W= \/i=1=50=45.45Hz.
2x11LVm 1.1 1.1

Examrir 44. A stone hangs in air from one end of a wire
which is stretched over a sonometer. The wire is in unison
with a certain tuning fork when the bridges of the sonometer
arc 45 cmapart. Now the stone hangs immersed in water at
4°C and the distance between the bridges has to be altered by
9 cm to re-establish unison of the wire with the same fork.
Calculate the density of the stone.

Solution. Let V be the volume and p be the density

of the stone. When the stone hangs in air, tension in the
string is

T=Vpg
Frequency of vibration,

V= ‘pr
2L m 2L

When the stone is immersed in water, it loses in
weight due to the upthrust of water. Tension in the
string decreases to T'.

gp N

(1)

T' = Apparent weight of stone
=Vpg-Vog=V(p-o)g

where c is the density of water. The length of the wire

has to be decreased to L' to bring it in unison with the

tuning fork.
‘/F ‘(V(p c)g
20 \Vm 2U

From equahons (1) and (2), we get
Vpg

fV(p o)g
m 2L'
or E _
o

Now L=d5cm, L’z45—9=36cm, c=1gm?

i -
5
or p—lzL or

p 25
p=25/9=2778¢g em 2

25p-25=16p

Exayrrr 4s5. A wire having a linear niass density of
50x107° kg m Vis stretched between Fwo rigid supports
with a tension of 450 N. The wire resonates at a frequency of
420 Hz. The next higher frequency at which the same wire
resonates is 490 Hz. Find the length of the wire. (1IT)

Solution. Suppose the wire resonates at 420 Hz in
its pth harmonic and at 490 Hzinils(p + 1)th harmonic.

,_f’
As v,
p
420 = = (1
2L (1)
and 490=P*1 (2
2L Ym
Dividing (2) by (1), we get
490 _pr+ 1
420 p
or 1+ A _ =1+ 1
420 p
or p=6
Putting the value of pin (1), we get
6 4
420=— | ———— == \{9x10
2L\{5x10°?
[ m=5.0x10">kgm™!, T =450 N]
2
or p=33X10° 15 o iam
420 7

R DA IR LTI Lo T R SR Bt s A NI e
¥ PROBLEMS FOR PRACTICE

1. A sonometer wire is under a tension of 40 N and the
length between the bridges is 50 cm. A metre long
wire of the sonometer has a mass of 1.0 g. Deter-
mine its fundamental frequency.  (Ans. 200 Hz)

2. A cord 80 cm long is stretched by a load of 8.0 kg f.
The mass per unit length of the cord is
40%x107° kg m 1. Find (i) speed of the transverse
wave in the cord and (i) frequency of the
fundamental and that of the second overtone.

[Ans. (i) 1400 ms™" (i) 875 Hz, 2625 Hz]



15.34 PHYSICS-XI

10.

11.

12.

The length of a stretched wire is 1 m and its
fundamental frequency is 300 Hz. What is the
speed of the transverse wave in the wire ?

(Ans. 600 ms~ I)

The mass of a 1 m long steel wire is 20 g. The wire is
stretched under a tension of 800 N. What are the
frequencies of its fundamental mode of vibration
and the next three higher modes ? [Roorkee 82]

(Ans. 100, 200, 300, 400 Hz)

If the tension in the string is increased by 5 kg wt,
the frequency of the fundamental tone increases in
the ratio 2 : 3. What was the initial tension in the
string ? (Ans. 4 kg wt)
A sonometer wire has a length of 114 em between
its two fixed ends. Where should the two bridges
be placed so as to divide the wire into three
segments whose fundamental frequencies are in the
ratio1:3:47? [Roorkee 84]
(Ans. At a distance of 72 cm,

96 cm from one end)

Two wires of the same material are stretched with
the same force. Their diameters are 1.2 mm and
1.6 mm, while their lengths are 90 ¢cm and 60 cm
respectively. If the frequency of vibrations of first is
256 Hz, find that of the other. (Ans. 288 Hz)

A guitar string is 90 cm long and has a fundamental
frequency of 124 Hz. Where should it be pressed to
produce a fundamental frequency of 186 Hz ?

(Ans. 60 cm)

The ratio of frequencies of two wires having same -

length and same tension and made of the same
material is 2 : 3. If the diameter of one wire be
0.09 cm, then determine the diameter of the other.

(Ans. 0.06 cm)
A 50 cm long wire is in unison with a tuning fork of
frequency 256, when stretched by a load of density
9g cm™’ hanging vertically. The load is then
immersed in water. By how much the length of the
wire be reduced to bring it again in unison with the
same tuning fork ? (Ans. 2.867 cm)

A string vibrates with a frequency of 200 Hz. Its
length is doubled and its tension is altered until it
begins to vibrate with a frequency of 300 Hz. What
is the ratio of new tension to the original tension ?

(Ans.9:1)
In Melde’s experiment, a string vibrates in 3 loops
when 8 grams were placed in the pan. What mass
must be placed in the pan to make the string vibrate
in 5 loops ? (Ans. 2.88 g)

= HINTS

8
2. (o= \f J"‘gs =1400 ms !

(i1) Fundamental frequency,

vet (T 1 o i400-875 He
2LVm  2x0.80

Second overtone or third harmonic,
vy =3v=3x875= 2625 Hz.

3. Fundamental frequency, v = =

2L
v=2Lv=2x1x300= 600 ms .
2
5. |h_v 4 =(2] 4
Tz v, '1;-1—5 3 9
or 9'1;-—*4];+20
or . T =4kgwt
7 Vl'-:—-—] —T- =—‘1 l

\12=2\‘r1 =2x256=288Hz.
8 8

8. Here I, =90cm, v, =124 Hz, v, =186 Hz, L, =?

According to the law of length,
Vab=vi L
I,Z:v] L =124x90
vy 186

10. As proved in Example 44,
L_fe=s

= 60 cm.

L Vg
Here L=50cm, p=9gcm~3, ag=1gcm

I /9—1_J§_zﬁ_2x1.414
B Vo 3 3

141.4

or L’=—3——_47133cm

Decrease in length = L - L’
. T
200=L |1
2L\ m
1 |54
2x2L

Dividing (2) by (1), we get

0 15 - 3_%
200 2T 175
?
1

11. In first case,

In second case, 300=

=9:1.

or

=3 |

-3

=50 — 47.133=2.867 cm.
(1)

-(2)
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12. In first case,

In second case,

3 [ _5 [%
2L m 2L \'m
FT 3 T, 9
or —-= == or — =
\'?] 5 T 25
2

15.21 " STATIONARY WAVES IN ORGAN
PIPES OR AIR COLUMNS

29. What is an organ pipe ? How does it produce
sound ?

Organ pipe. It is the simplest musical instrunient in which
sound is produced by setting an air column into vibrations.
Fig. 15.19 shows the section of a flute organ pipe.

L
—

P
=]

XL RO TR e S

Fig. 15.19 Organ pipe.

= |

Air column A
_ 1

When air is blown into the pipe through the mouth

piece (M), it strikes against the slanting surface or
belevlled (B). It is deflected upwards and issues out of
the slit Sin the form of a jet. This jet of air strikes against
the sharp edge called the lip (L), setting it into vibrations.
This produces a sound called edge tone, the frequency
of which depends on the pressure of the air stream.

The sound waves travel down the pipe and get
reflected at its closed or open end, producing longi-
tudinal stationary waves. If the frequency of these
waves is equal to the frequency of the edge tone,
resonance occurs and a loud sound is produced.

If both the ends of the pipe are open, it is called an
open pipe. If one end of the pipe is closed, it is called
closed pipe.

30. Describe the various modes of vibrations of an
open organ pipe.

Normal modes of vibration of an open organ pipe.
Both the ends of an open organ pipe are open. The
waves are reflected from these ends without change of
type. However, the particles continue to move in the
same direction even after the reflection of the waves.
Consequently, the particles have the maximum dis-
placements at the open ends. Hence antinodes are
formed at the open ends. The various modes of
vibration of an open organ pipe are shown in Fig, 15.20.

x=0 L/6

/3 L2 213 5L/6 x=L

(c)

SRV AN

Fig. 15.20 Normal modes of vibration of an open pipe.

(i) First mode of vibration. In the simplest mode of
vibration, there is one node in the middle and two
antinodes at the ends of the pipe.

Here length of the pipe,

M_M
4 2

L=2.

A =2L
Frequency of vibration,
v _1 [yP

V]:—_z—
A, 2LYp

=v (say)
This frequency is called fundamental frequency or
first harmonic.

(ii) Second mode of vibration. Here antinodes at the
open ends are separated by two nodes and one
antinode.

>’

L=4.-2=X

2

4
A, LYp

This frequency is called first overtone or second harmonic.

Frequency, v,

(iii) Third mode of vibration. Here the antinodes at
the open ends are separated by three nodes and two
antinodes.

A
3 or M= A
3

L=6.

v 3

—=3v

Frequency, Vv, =
ey V3= TaLye

This frequency is called second overtone or third
harmonic. '

Hence various frequencies of an open organ pipe are
in the ratio 1:2 :3:4:...... These are called harmonics.
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31. Prove analytically that in the case of an open
organ pipe of length L, the frequencies of vibrating air
column are given byv =n (v / 2 L), where n is an integer.

Analytical treatment of stationary waves in an
open organ pipe. Consider a cylindrical pipe of length
L lying along the x-axis, with its open ends at x =0 and
v = L The sound wave travelling along the pipe may be
represented as

iy = Asin (of - kx)

The wave reflected from right open end may be

represented as
iy = Asin (ol + kx)

There is no phase reversal on reflection from the

open end because it is a free or loose boundary. So the

sign of Ain the reflected wave is same as that in the
incident wave.

By the principle of superposition, the resultant
stationary wave is given by
Y=Y+ i, = Alsin(of — kx) + sin (ot + kx))
=2 A sin of cos kx =(2 A cos kx)sin wt

For all values of 1, the resultant displacement is
maximum (+ve or -ve) or antinodes are formed at the
open ends ie, at x=0 and x = L. This condition is
satisfied if

coskL=+1 or kL=unn,
where n=1,2,3,.....
or Z—TEL=HJI or ?\.”:ﬂ'
A n
The frequency of vibration is given by
v =2 _Mm_m jyP
"X, 2L 2L p
Foran=1, v, = l /YP =v (say)
\ 2L\ p

This is the smallest frequency of the stationary
waves produced in the open pipe. It is called Sunda-
mental frequency or first harmonic.

20

Forn=2, v,="""=2y
5.2

(First overtone or second harmonic)
3o
Forn=3, v.=" =3y
2L
(Second overtone or third harmonic)
and so on. The various modes of vibration of
pipe are shown in Fig. 15.20.

32. ‘Give qualitative discussion of the different
modes of vibration of a closed organ pipe.

an open

Normal modes of a closed organ pipe. In a closed
organ pipe, one end of the pipe is open and the other

end is closed. As the wave is reflected from the closed
end, the direction of motion of the particles changes.
The displacement is zero at the closed end i.c., a node is
formed at the closed end. The displacement of the
particles is maximum al the open end, so an antinode is
formed at the open end. The different modes of
vibration of closed pipe are shown in Fig. 15.21.

x=0 L3 A3, x=L
(b)
I NI e e o S N —_x
= <AX4 N A
x=0 L/5 2L/5 3L/5 al)s x=L

(c)
Fig. 15.21 Normal modes of vibration of closed pipe.

(1) First mode of vibration. In this simplest mode of
vibration, there is only one node at the closed end and
one antinode al the open end. If Lis the length of the
organ pipe, then

- A
L=-1 or A, =4L
4
Frequency,
v
Vi == =— |— =v(say)
boayoaLyp

This frequency is called first harmonic or Sfundamental
frequency.

(if) Second mode of vibration. In this mode of
vibration, there is one node and one antinode between
a node at the closed end and an antinode at the open
end.

3, !
L=—=or 2, 44
4 =3
Frequency,
vz - 1 zi Y__P =3
A, 4L\ p

This frequency is called first overtone or third
harmonic.
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(iif)y Third mode of vibration. In this mode of
vibration, there are two nodes and two antinodes
between a node at the closed end and an anlinode at
the open end.

A
L= 5(1 or A= Ay
4 5
Frequency,
_v_S5 P _g

VvV, =
“?L34Lp

Hence different frequencies produced in a closed
organ pipe are in theratio1:3:5:7:......i.e., only odd
harmonics are present in a closed organ pipe.

33. Prove analytically that in the case of a closed
organ pipe of length L, the frequencies of the vibrating
air column are given by v = (2n + 1) (v / 4L), where n is
an integer.

~ Analytical treatment of stationary waves in a
closed organ pipe. Consider a cylindrical pipe of length
L lying along the x-axis, with its closed end at x =0 and
open end at x = L The sound wave sent along the pipe
may be represented as

y, = Asin (ot + kx)
The wave reflected from the closed end may be
represented as
Y, = = Asin (of —kx)
The negative sign before A is due to reversal of
phase at the closed end.
By the principle of superposition, the resultant
stationary wave is given by
Y=y, + Y, = Alsin (ot + kx) - sin (of — kx)]
=2 A cos ot sin kx =(2 A sin kx) cos wt.

Clearly, y=0 at x =0 i.c, a node is formed at the
closed. The resultant displacement at x = L will be
maximum (+ve or —ve) because the open end is a free or
loose boundary. This condition is satisfied if

sinkL=%1
or kL=(2n —1); where n=1,2,3, ......
or 2—’£L=(2n—l)E or A = 4L
A 2 2n-1

The corresponding frequency of vibration is given

g _1_7(2”—1)'0#(211—1) E
a A, . 4L 4L P

For n=1,

v 1

V]:-—_-.: ﬂ
4L 4L

=v (say)

This is the smallest frequency of the stationary
waves produced in the closed pipe. It is called

Sfundamental frequency or first harmonic.

~3v

Forn=2, v, - =3v

(First overtone or third harmonic)
Sv

vV, =— =5v

For n=3, 3

(Second overtone or fifth harmonic)

and so on. The various modes of vibration of a closed
pipe are shown in Fig. 15.21.

Examples based on

ol s

FormuLae Usep

1. I an organ pipe closed at one end, only odd harmo-
nics are present.

v . .
Fundamental mode, v, g - v (First harmonic)

Second mode, v, =3v
A (Third harmonic or first overtone)
Third mode, v, = 5v
_(Fifth harmonic or second overtone)
nth mode, v, =(2n-1)v
[(21 — Ith harmonic or (1 — 1)th overtone]
2. In an organ pipe open at both ends. Both odd and
even harmonics are present.

Fundamental mode, v; = % =v' (First harmonic)

Second mode, v, =2V’
(Second harmonic or first overtone)
Third mode v; =3v'
(Third harmonic or second overtone)
nth mode v/, =nv
[1th harmonic or (11 — 1)th overtone]
Clearly, vy =2
3. Resonance tube. If L, and L, are the first and second

resonance lengths with a tuning fork of frequency
v, then the speed of sound,

v=4v(L, +03 D),

D = internal diameter of resonance tube
or v=2 (L, - L)
End correction = 03 D= 22 =N

-~

)

Units Usep

Velocity of sound v is in ms™', length of organ
pipe Lis in metre and frequency v in Hz.
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ExAVPLE 46. What should be minimunt length of an open
organ pipe for producing a note of 110 Hz ? The speed of
sound is 330 ms™ .

Solution. Frequency, v =110 Hz,

Speed of sound, v =330 ms™!
Fundamental frequency of an open organ pipe,

v
\

Tl
=2 30 e
2v 2x110

Exasterr 47, The length of an organ pipe open at both ends
i50.5 m Calculate the fundamental frequency of the pipe, if the
velocity of sound in air be 350 ms™ . If one end of the pipe is
closed, then what will be the fundamental frequency ?

Solution. Speed of sound, v =350 ms™’,

Length of the pipe, L=05m
Fundamental frequency of the open pipe,
,_ 0 350

=—= =350 Hz.
2L 2x05

Fundamental frequency of the closed pipe,
v 350

=—-= =175 Hz.
4L  4x0.5

Exasiprr 48. A pipe 30.0 cm long is open at both ends.
Which harmonic mode of the pipe is resonantly excited by a
1.1 kHz source ? Will resonance with the same source be
observed if one end of the pipe is closed ? Take the speed of
sound in air as 330 ms™ .. INCERT]
Solution. Length of the pipe,

L=30 cm =0.30 cm
Speed of sound, =330 ms™!

Fundamental frequency of the open pipe,
v 330

1 2L 2x030

Second harmonic,
vy =2v; =2 x 550 =1100 Hz
Third harmonic,
vy =3v, =3 x 550 =1650 Hz
Fourth harmonic,
v, =4v, =4 x 550 =2200 Hz, and so on.
Clearly, a source of frequency 1.1 kHz (or 1100 Hz)
will resonantly excite the second harmonic of the open pipe.

If one end of the pipe is closed, its fundamental
frequency becomes
.

v

=550 Hz

_v _ 330
1741 4%030

=275 Hz

As only odd harmonics are present in a closed
pipe, so
Third harmonic,
vy =3V, =3 x 275 =825 Hz
Fifth harmonic,
Vg = 5V| =5x 275 =1375 Hz, and so on.

As no frequency of the closed pipe matches with
the source frequency of 1.1 kHz, so no resonance will
be observed with the source, the moment one end of
the pipe is closed.

EXAMPLY: 49. Find the ratio of the length of a closed pipe to
that of an open pipe in order that the second overtone of the
former is in unison with the fourth overtone of the latter.

Solution. Fundamental frequency of a closed organ

Pipe, v=_=
4L
Fundamental frequency of an open organ pipe,
v
2L

Second overtone of the closed pipe =5v = %

Fourth overtone of the open pipe =5V = :_!5%
As the two overtones are in unison, therefore
Sv_ 50 L 21
4L 2L L 4 2
or L:L'=1: 2,

LXAMPLE 50. An open pipe is suddenly closed at one end
with the result that the frequency of the third harmonic of the
closed pipe is found to be higher by 100 Hz than the funda-
mental frequency of the open pipe. What is the fundamental
frequency of the open pipe ? [1IT 96]
Solution. Fundamental frequency of open pipe,

v =2
’ 2L
Frequency of third harmonic of closed pipe,
v =3
¢ 4L
Y2 or y=2v
Vo Q vn'.' o
Given v, =v_ +100

gvo =v,+100 or v,=200Hz.

Examrre 51. The first overtone of an open organ pipe beats
with the first overtone of a closed organ pipe with a beat
Jrequency of 2.2 Hz. The fundamental frequency of the closed
organ pipe is 110 Hz. Find the lengths of the pipes. Velocity

of sound in air =330 ms™ . (11T 971
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Solution. Let lengths of the open and closed organ  EXAVIPLE 54. A resonance tube is resonated with tuning

pipes be L, and L_ respectively. fork of frequency 512 Hz. Two successive lengths of the
Fundamental frequency of closed pipe, resonated air-column are 160 om and 51.0 on The
" ' experiment is performed at the room temperature of 40°C.
V.= il Calculate the speed of sound at0°C and the end correction,
. Solution. Here v =512 Hz, L, =16.0 cm =0.16 m,
= dv, L, =51.0 em =0.51m
But v=330ms"!, v =110Hz Speed of sound at 40°C,
I, = 330 —0.75 m =75 cm. v=2v(L2—[1)=2x512x(0.51-0.16)
4x110 =3584 ms™"
Frequency of first overtone of open organ pipe, Speed of sound at 0°Cis given by
S ol v, =0 -0.61t=358.4-0.61x 40
6= -
2L, L =358.4 -244 =334 ms .
Frequency of first overtone of closed pipe, End correction
=3 .0 —48.
v, =3x > =3x110=330 Hz. _L3h 510980 450
4L S~ 2 2
But v,-v,=22Hz ExampLE 55. Determine the possible harmonics in the
v ¢ o longitudinal vibration of a rod clamped in the middle. )
-—-330=22 or —=3322 . . ]
L, L, Solution. Consider a rod of length L clamped in
v 330 the middle. As shown in Fig. 15.22(a), it has one node
or L= 3322 33222 =0.99 m =99 cm. in the middle and two antinodes at its free ends in the
fundamental mode.
ExaMpPLE 52. A well with vertical sides and water at the ‘ A )
bottom resonates at 7 Hz and at no other lower frequency. .o L=2 3 ¥ M =_2 L

The air in the well has density 1.10 kg m > and bulk
modulus of 133 x 10° Ni™ 2. How deep is the well ?

v v
Solution. For air p =1.10 kg m>, vy = oL =v (say)

x =1.33%10° Nm'2
- Speed of sound inair, el e

=
oo _ Hl 33x10 —3477 ms~ ] (a) [ - — |
1.10 TN T

Fundamental frequency or first harmonic,

A well can be regarded as a closed organ pipe. So A A
its fundamental frequency, \\__1 /,x
= (b) C ”)’; : 3 : /)f\ ]
4L AN LN,
v 3477 _ A N A N A4 N 4
or =—= =1241 ms™’
4v  4x7

Fig. 15.22
EXAMPLE 53. A resonance air column resonates with a

tuning fork of 512 Hz at length 17.4 cm Neglecting the end In the second mode, there is an additional node and
correction, deduce the speed of sound in air. antinode on the two sides of the clamp, as shown in

Solution. Here v =512 Hz, [, =17.4 cm Fig. 15.22(b). A L
=6 —2 =
When end correction is neglected, speed of sound £=b. 4 or 1.2 3
NRSPPY |
in air is given by » and . V2=1=3_”_3
v=4v L =4x512x174 =35635.2 cm s A, 2L

-1
=356.35ms . This is called third harmonic or first overtone.
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Similarly, for third mode,

S5v
‘\'.ql = = S \Y
°2L
This is called fifth harmonic or second overtone,
Hence wvpovyivgi =1:3:5:, .

Abrass rod Tmetre long is firmly clamped in
the middle .mu’nm end is stroked by a resined cloth, What is
the pitch-of the note you zill hear ? Young's modulus for

" 3 -
and density =9 ¢ em 3

brass = 1017 dyn cm
Solution. Here Y =102 dynem™?%, p=9 gom 2
Speed of sound in the brass rod,
10°

Length of rod,

cms !

L=1m =200 cm
Fundamental note,
; [§]
v=Uo P o 100 666.67 He.
Ao 2L 3x200

U .

* PROBLEMS FOR PRACTICE

1. An open organ pipe produces a note of frequency
512 Hz at 15°C, calculate the length of the pipe.
Velocity of sound at 0°C is 335 ms ",

(Ans. 0.336 m)

2. Find the frequencies of the fundamental note and
the first overtone in an open air column and a
closed air column of length 34 cm. The velocity of
sound at room temperature is 340 ms™ !

[Ans. (1) 500 Hz, 1000 Hz (ii) 250 Hz, 750 Hz]

3. Prove thata pipe of length 2 L open at both ends has
same fundamental frequency as another pipe of
length L closed at the other end. Also, state whether
the total sound will be identical for two pipes.

(Ans. No)

4. The fundamental frequency of a closed organ pipe
is equal to the first overtone of an open organ pipe.
If the length of the open pipe is 60 cm, what is the
length of the closed pipe ? (Ans. 15 cm)

5. The fundamental tone produced by an organ pipe
has a frequency of 110 Hz. Some other frequencies
in the notes produced by this pipe are 220, 440, 550,
660 Hz. Is this pipe open at both ends or open at one
end and closed at the other ? Calculate the effective
length of the pipe. Speed of sound = 330 ms™’

(Ans. Pipe is open at both ends, 1.5 m)

6. The fundamental frequency of an open organ pipe
is 300 Hz. The frequency of the first overtone of
another closed organ pipe is the same as the

frequency of the first overtone of open pipe. What
are the fun;.,lhs of the pipes ? The speed of sound
=330 ms (Ans. 55.0 ¢cm, 41.25 cm)

7. Find the ratio of length of a closed organ pipe to
that of open pipe in order that the second overtone
of the former is in unison with fourth overtone of
the latter. (Ans. 3 :2)

8. A tuning fork of frequency 341 Hz is vibrated just
over a tube of length 1 m. Water is being poured
gradually in the tube. What height of water column
will be required for resonance ? The speed of sound
in air is 341 ms™ ', (Ans. 25 cm or 75 cm)

9. A resonance air column shows resonance with a
tuning fork of frequency 256 Hz at column lengths
33.4 cm and 101.8 em. Find (i) end-correction and
(ii) the speed of sound in air.

[Ans. (i) 0.8 cm (i) 350.2 ms ]
10. A metallic bar clamped at its middle point vibrates
with a frequency v when it is rubbed at one end. If

its length is doubled, what will be its natural
frequency of vibration ? (Ans.v/2)

X HINTS
1. Velocity of sound at 15°C will be
v=17,+ 061t =335+ 0.61x15=344.15ms "

Fundamental frequency of an open organ pipe,
ymet _ v _ 34415
4L 4v  4x512

3. Fundamental frequency of closed pipe of length L,
v

v=—

4L
Fundamental ﬁequency of an open pipe of length 2L,
v

v'= Clearly, v=v'
2x2L 4L

s =2 =0.336 m.

In an open organ pipe all harmonics are present
whereas in closed organ pipe, only odd harmonics are
present. Hence the quality of sound will be different

for the two pipes.
4. Fundamental frequency of a closed organ pipe,
[
V] = 4—L
Fundamental frequency of an open organ pipe,
L = v
1 2L
Frequency of first overtone of open organ pipe,
Va=2v = Lr
Given v, =v)
2 a2 or L=£=—62=15cm.
4L L 4 4
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L: -3L, - 101.8 - 3 x 334
2 2
= 16 ={0.8 cm.

2

9. End correction =

Speed of sound,

\—2\(1

= 2 x 256 x 0.684 = 350.2 ms !

= 1,)=2x256 x(1.018 - 0.334)

) il

1
10. Natural frequency, v=— = —
ey Y=y =L

On doubling the length, frequency is halved.

A e A AT ING TR

15.22 BEATS

34. What are beats ? What is the essential condition
for the formation of beats ?

Beats. When two sound waves of slightly different
frequencies travelling along the same path in the same
direction in a medium superpose upon each other, the
intensity of the resultant sound at any point in the
medium rises and falls (technically known as waxing
and waning of sound) alternately with time. These
periodic variations in the intensity of sound caused by the
superposition of two sound waves of slightly different
frequencies are called beats. One rise and one fall of
intensity constitute one beat. The number of beats
produced per second is called beat frequency.

Beat frequency = Difference in frequencies of the
two superposing waves
Vbeat =V1 ~V2

Essential condition for the formation of beats. For
beats to be audible, the difference in the frequency of
the two sound waves should not exceed 10. If the
difference is more than 10, we shall hear more than
10 beats per second. But due to persistence of hearing,
our ear is not able to distinguish between two sounds
as separate if the time interval between them is less
than (1/10)th of a second. Hence beats heard will not be
distinct if the number of beats produced per second is
more than 10.

35. Explain the formation of beats by grdphica! method.

Formation of beats by graphical method. In
Fig. 15.23(a), the full line curve is the displacement-
time curve of a wave of frequency v, and the dashed
curve is for a wave of frequency v,. Here v, is slightly
greater thanv,, so the first wave is slightly smaller than
second.

At time t,, the two waves meet in the same phase at
a given point. They reinforce to produce maximum
sound intensity. With the passage of time, the phase
difference between the two waves increases and so the
two curves gradually get more and more out of step.

T T T et g — wmy

TAWAWAWARARTA
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Fig. 15.23 Formation of beats graphically.

At time £, the two waves are in exactly opposite
phases. This happens when one wave gains half a
vibration over the other. Now they produce minimum
sound intensity. Now the phase difference goes on
decreasing with time. At time t, one wave gains one
full vibration on the other and the two waves are again
in same phase and produce maximum intensity, and so
on. The resultant wave, obtained by the algebraic sum
of the displacements of the two waves, is shown by full
line curve in Fig. 15.23(b). The dashed envelopes above
and below it show how the amplitude of the resyltant
wave varies with time. The time interval from t, to t, is
one beat period, because during this interval only one
beat is formed. Moreover, during this time interval, the
first wave completes (v + 1) oscillations while the second
wave completes v oscillations. Thus beat frequency is
equal to the difference in frequencies of the two
superposing waves.

36. Explain the formation of beats analytically.
Prove that the beat frequency is equal to the difference
in frequencies of the two superposing waves.

Analytical treatment of beats. Consider two harmonic
waves of frequencies v, and v, (v, being slightly
greater than v,) and each of amplitude A travelling in
a medium in the same direction. The displacements
due to the two waves at a given observation point may
be represented as

y;=Asinw t=Asin2nv, !
Y,=Asinw, t=Asin2nv, t

By the principle of superposition, the resultant
displacement at the given point will be

Y=Y+,

=2Acos2n ( Y

23
——= |t.sin27t

=Asin2nv t+ AsinZ:w2

1tV 4
2
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If we write
Vi™va v, + 1,
Vmod = s and Vi = 172
2 - 5
then ¥=2Acos2mv, 4 H)sin@2nv,  t)
> y= Rsin@nv,, )

where R=2Acos(2nv . t)is the amplitude of. the
resultant wave. As v, is slightly greater than V, SO
Vinod <<V, 10, R varies very slowly with time. Hence
the above equation represents a wave of periodic rapid
oscillation of average frequency v, ‘modulated’ by a
slowly varying oscillation of frequency v ..

The amplitude R of the resultant wave will be
maximum, when

cosvamod t=+1
or 21vtvmod t=nn
or m(vy —Vv,) t=nn
n 1 2
or t= =0, . -
\’] -'V‘.2 V] —V2 V] —V2

. Time interval between two successive maxima
1

ViV,

Similarly, the amplitude R will be minimum, when

cos2mv . t=0
or 2nv t=@Qn+1)n/2
or vy —V)t=2n+1)n/2
or o @n+D 1 .3 5
2(v1—v2) Vi=Vy 2(vy—v,) 2(v;—V,)

.. The time interval between successive minima
1

¥y —Vy

Clearly, both maxima and minima of intensity occur
alternately. Technically, one maximum of intensity
followed by a minimum is called a beat. Hence the time
interval between two successive beats or the beat period is

1

jig =]

tbeat = v
The number of beats produced per second is called beat
frequency.
Vieat . or
£ beat
. Beat frequency = Difference between the

frequencies of two
superposing waves.

Vbeat =V1 ~V2

37. How will you experimentally demonstrate the
phenomenon of beats in sound ?

Experimental demonstration of beats in sound. As
shown in Fig. 15.24, mount two tuning forks A and B of

exactly the same erquency on two sound boxes,

placed with their open ends facing each other.

A B
PRl == | e
— 1] [
T N A IR T O ATE

Fig. 15.24 Experimental demonstrations of beats.

Now stick a little wax to the prong of one of them to
as to slightly reduce its frequency. Set the two tuning
forks into vibrations. The two tuning forks will produce
sound waves of different frequencies. The intensity of
the resulting sound will increase and decreasing
periodically with time. We will actually hear beats. By
counting the number of beats heard in a given interval
of time, we can calculate the beat frequency and hence
can determine the difference (v, —v,) between the
frequencies of the two tuning forks.

15.23° PRACTICAL APPLICATIONS OF BEATS
38. Explain some practical applications of beats.

Practical applications of beats. (i) Determination of
an unknown frequency. Suppose v, is the known

frequency of tuning fork A and v, is the unknown
frequency of tuning fork B. When the two tuning forks
are sounded together, suppose they produce b beats
per second. Then
Vo =vyt+b or v, -b
The exact frequency may be determined by any of
the following two methods :

(a) Loading method. Attach a little wax to the prong
of the tyning fork B. Again, find the number of beats
producgd per second. If the frequency of Bis greater
than that of Ai.e., (v, + b), then the attaching of a little
wax lowers its frequency and reduces the difference in
frequencies of A and B This would decrease the beat
frequency.

Hence, if the beat frequency decreases on loading the
prong of the tuning fork of the unknown frequency, then the
unknown frequency is greater than the known frequency.
That is,

v, =v, +b

On the other hand, if the frequency of Bis less than
that of Ai.e., (v, —b) then the attaching of a little wax
further lowers its frequency and increases the
difference in frequencies of A and B. This would increase
the beat frequency. ; :
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Hence, if the beat frequency increases on loading e
prong of the tuning fork of the unknown frequency, then
the unknown frequency is less than the Known frequency.
That is,

(b) Filing method. If a prong of the tuning fork Bis
filed, its frequency increases. Again, note the number
of beats produced per second.

If on filing the prong of B the beat frequency
decreases, then vy =V, - b

vy =v, = b

If on filing the prong of B the beat frequency .

increases, then vy =vy + b

(if) For tuning musical instruments. Musicians use
the beat phenomenon in tuning their musical instru-
ments. If an instrument is sounded against a standard
frequency and tuned until the beats disappear, then

the instrument is in tune with the standard frequency.

(111) For producing colourful effects in music.
Sometimes, a rapid succession of beats is knowingly
introduced in music. This produces an effect similar to
that of human voice and is appreciated by the audience.

(iv) For detection of marsh gas in mines. Here we
use two small organ pipes tuned to the same frequency.
One pipe contains pure dry air and the other ordinary
mine air.

If any marsh gas or methane appears in the mine,
the density of the mine air in the secu...« pipe decreases
which slightly changes its frequency of vibration.
When sounded with the first organ pipe, it gives rise to
beats. The miners are thus warned well in advance of
the explosive marsh gas.

(v) Use in electronics. It is difficult to make low
frequency oscillators. In practice, two high frequency
oscillators with a small difference in their frequencies
are used. Their low beat frequency (v, —v,) serves the
purpose of a low frequency oscillator.

FormuLAE UseD

1. Beat frequency = Number of beats per second
= Difference in frequencies of two sources

or b=(v;-v,) or (v,-v,)
2. V,=v; b

3. If the prong of tuning fork is filed, its frequency
increases. If the prong of a tuning fork is loaded
with a little wax, its frequency decreases. These
facts can be used to decide about + or —sign in the

above equation.

Units Usep

All frequencies are in Hz ors ™.

Pxsaiere 570 The points of the prongs of a turing fork B
originally in unison with a tuning fork A of frequency 384
arve filed and the fork produces 3 beats per second, when
sotnded together with A. What is the pitcl of B after filing ?

Solution. Frequency of tuning fork A =384 Hz.

As tuning fork Bis in unison with A, so its original
frequency =384 Hz

Beat frequency =35~
Possible frequencies of B after filing
=384 +3 =387 or 381 Hz
As the frequency increases on filing, so frequency
of Bafter filing =387 Hz.

Exaxir o 58, A tuning fork arrangement (pair) produces
4 beats s~ " with one fork of frequency 288 cps. A little wax is
placed on the unknown fork and it then produces
2 beats s~ . What is the frequency of the unknown fork ?
[AIEEE 02]

Solution. Unknown frequency
= Known frequency + Beat frequency
=288+4=292 or 284Hz

On loading with wax, the frequency decreases, the
beat frequency also decreases to 2.

~ .. Unknown frequency =292 cps (higher one).

ExamrLr 59. A tuning fork of unknown frequency gives

4 beats with a tuning fork of frequency 310 Hz. It gives the

same number of beats on filing. Find the unknown frequency.
[1IT)

Solution. Unknown frequency
= Known frequency + Beat frequency
=310+4=314 or 306 Hz

Out of these two possible frequencies, one must be
the initial value and the other final value. As frequency
increases on filing, therefore

initial unknown frequency = 306 Hz.

ExAMPLE 60. A fork of unknown frequency when sounded
with one of frequency 288 Hz gives 4 beats per second and
when loaded with a piece of wax again gives 4 beats per
second. How do you account for this and what was the
unknown frequency ? [1IT]

Solution. Unknown frequency
= Known frequency + Beat frequency
=288 +4=292 or 284 Hz.

As the beat frequency remains unchanged even on
loading the tuning fork, of the two possible frequencies
one must be initial frequency and the other the final
one. But the frequency of a tuning fork decreases on
loading, therefore

initial unknown frequency = 292 Hz.
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Exanere o Two tuning forks A and B produce
4 beats/second. On loading B twith wax, 6 beats/second were
heard. If the quantity of wax is reduced, the nuntber of beats
per second again beconies 4. Find the frequency of B if the
frequency of A is 256 Hz.

Solution. Frequency of tuning fork A =256 Hz

Beat frequency =45 '
.. Possible frequencies of B
=256 + 4 =260 or 252 Hz.
As some wax continues to remain attached finally

with the tuning fork B and beats/second =4, so the
final frequency must be less than the initial frequency.

~.Initial frequency of B =260 Hz.

Exavivry 62. A tuning fork produces 4 beats/s when
sounded with a tuning fork of frequency 512 Hz. The same
tuning fork when sounded with another tuning fork of
frequency 514 Hz produces 6 beats/s. Find the frequency of
the tuning fork.

Solution. Let the frequency of the tuning fork =v

It produces 4 beats/s with a .tuning fork of
frequency 512 Hz

v=512+4=516 or 508Hz (1)

It also produces 6 beats/s with a tuning fork of

frequency 514 Hz
v=>514+6=520 508 Hz (2)

Equations (1) and (2) show that the common
frequency is 508.

v =508 Hz.

EXAMPLE 63. A tuning fork of known frequency of 256 Hz
makes 5 beat s~ with the vibrating string of a piano. The
beat frequency decreases to 2 beats s~ *, when the tension in
the piano s<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>